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SUMMARY 
Carbon nanotubes are expected to be ideal reinforcements of high strength and 
lightweight smart composites because of their extremely high Young’s modulus, 
mechanical strength. Since there is a huge difference in strength and stiffness between 
CNT and most other potential polymer matrix, the mechanics involved at the 
nanotubes/matrix interface plays an important role in affecting the strength of the 
nanocomposite. The main goal of this study is to investigate mechanics involved at 
the interface as well as examine key factors controlling the interface strength of CNT 
and nanorope reinforced composites. Initially, an analytical pull-out model is 
developed to investigate the mechanism of stress transfer from CNT to polymer 
matrix for chemically (perfectly) bonded interface which is extended for non-bonded 
CNT/polymer interface as well. Stress transferring ability of nanotube in the non-
bonded interface is controlled by mechanical interlocking, thermal residual stress, 
Poisson’s contraction and van der Waals (vdW) interaction. Closed form analytical 
solutions for different stress components are derived. The proposed continuum-based 
analytical model is able to predict critical values of key interface parameters such as 
effective embedded length and critical CNT/polymer Young’s modulus ratio. In 
addition, the influence of vdW interaction at the non-bonded CNT/polymer interface 
is investigated which is found to be significant in influencing the composite strength. 
The analytical result shows that the stress transferring potential of nanotube is smaller 
in the non-bonded than in the perfectly bonded part of the interface. Parametric study 
shows that parameter dependency of stress transferring is comparatively high in the 
perfectly bonded region than the debonded interface. In addition, stress transferring of 
CNT through the non-bonded interface is almost independent of volume fraction of 
CNT in the nanocomposite. The proposed extended pull-out model can be readily 
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used to replace experimental investigations for any percentage of debonded length, 
which are not only difficult to conduct, but also expensive. 
Secondly, an improved shear-lag model is proposed to investigate the 
mechanism of stress transfer mechanism at the non-bonded CNT/matrix interface 
using representative volume element (RVE) concept. The parametric study revealed 
that the stress carrying ability of CNT largely depends on the coefficient of friction at 
the interface, aspect ratio and CNT/ matrix Young’s modulus ratio. Influence of vdW 
interaction is also investigated which is found to be reasonably significant throughout 
the reinforced region. This finding is significant as this would mean that any 
investigation on chemically non-bonded interface must necessarily account for the 
effect of vdW interaction for accurate estimation of the stress components of CNT 
reinforced polymer composite. Using the derived formula and RVE concept, the 
phenomenon of static crack propagation at the CNT/matrix interface is also studied 
using fracture mechanics approach. The stress required in causing interface cracking 
is found to decrease as the debonding length increases. This study suggest that even 
after complete debonding of CNT/matrix interface, CNT are capable to carry 
significant stress which mainly comes from thermal residual stress and vdW 
interaction.   
Finally a shear-lag model is proposed is to investigate the interface 
characteristics of nanorope (several CNTs in a bundle) reinforced polymer 
composites. In view that the CNTs are non-bonded in the nanorope, the effect of vdW 
interaction is included in the proposed model. Closed form analytical solutions are 
derived for different stress components of the constituents in the elastic regime. The 
proposed closed form analytical formulas reveal that the nano-rope is remarkably 
effective as reinforcement in the composite, resulting in significantly reduced axial 
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stress in the polymer resin. In addition, a notable stress transfer is observed to occur 
through the non-bonded interface between the inner and outer nanotubes. The 
parametric study on perfectly bonded rope/resin interface shows that the stress 
distribution is largely dependent on the volume fraction of nanorope and Young’s 
modulus ratio of rope to resin but nearly independent on the aspect ratio particularly 
when AR of nanorope larger than 100. For the non-bonded interface between inner 
and outer tubes, the stress components are found to be significantly affected by the 
coefficient of friction, aspect ratio and van der Waals interaction. It is envisaged that 
the proposed analytical solutions can be used to develop design guidelines of 
nanorope reinforced composites.  
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CHAPTER 1 
INTRODUCTION 
 
1.1  General Remarks     
  The invention of Carbon Nanotube (CNT) by Iijima (1991) has stimulated 
extensive research activities in engineering, material science, physics and chemistry. 
The exceptional properties of carbon nanotubes are large aspect ratios, extremely high 
Young’s modulus, high mechanical strength, high stiffness as well as superior 
electrical, thermal and optical properties. A number of methods have also been 
developed to produce both single and multi-walled CNTs. The most prominent are 
laser ablation, arc discharge, and catalytic growth chemical vapor deposition (CVD) 
and high pressure carbon monoxide (Hip CO) process. It has already been proved that 
CNTs can add not only structural strength but also desired functionality in 
mechanical, thermal, dynamic and electrical behaviour to composites. The main 
applications of CNT are in advanced nanostructures, aerospace, high strength 
materials for vehicle parts, materials for highly efficient energy conversion, embedded 
sensors for reliability and safety.  
 Initially, the application of CNT as a reinforcement in polymers to improve 
their properties has not been in the focus of research. However, their unique 
mechanical properties and geometrical shape have given rise to the assumption that 
the mechanical properties of polymers can be improved by using CNTs. Currently; 
they are considered as an ideal reinforcement for high strength and lightweight smart 
composites.  
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However, carbon nanotube reinforced composite is still a developing field of 
research and many critical issues need to be addressed before CNT can be used 
commercially. Some of these issues include characterization, uniformity, bonding 
with matrix as well as load transfer efficiency in the interface region. Since there is a 
huge difference in strength and stiffness between CNT and most other potential 
polymer matrix, the interface between nanotubes and polymer matrix is very crucial 
in nanocomposites (Qian et al. 2000; Kin and Sean 2001; Liao and Li 2001; Qian 
2003; Salehikhojin and Jalili 2008; Wang, Ciselli et al. 2008; Manoharan, Sharma et 
al. 2009).  So, the nature of bonding property at the CNT/matrix interface greatly 
affects the mechanical properties of composites.  
In the literature, there are experimental evidences of both weak and strong 
bonding at the interface. Several researchers observed weak bonding (Schadler et al. 
1998; Ajayan et al. 2000) between the nanotubes and epoxy matrix as shown in Fig. 
1.1(a). From the figure, it is clear that CNTs were easily pulled out of the matrix 
instead of breaking, which implies poor bonding between carbon nanotubes and 
epoxy. On the other hand, strong bonding at the interface (Cooper et al. ; Jin et al. 
1998; Lourie and Wagner 1999; Qian et al. 2000; McCarthy et al. 2002) was also 
observed when nanotubes were dispersed in PHAE (Poly Hydroxy Amino Ether, a 
thermosetting polymer) as shown in Fig. 1.1(b).  These contrasting evidences of the 
bonding characteristics of CNT reveal that the stress carrying ability of nanotube 
largely depends on the interface strength. Therefore, it is very crucial to understand 
the source of interface strength and the mechanics involved at the nanotube/matrix 
interface.  
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Fig. 1.1: (a) Fractured specimen of CNT– epoxy showing the CNT being pulled out 
of the matrix (Ajayan et al. 2000); (b) TEM image of an internal fracture (Jin et al. 
1998) 
 
1.2  CNT/Polymer Interface    
Generally, bonding at the CNT/matrix interface depends on the type of 
synthesis, catalyst used, processing temperature and interface condition. Research 
studies suggest that the main contributing factors for bonding between CNT and 
polymer are mechanical interlocking (friction), chemical bonding and non-covalent 
bonding like van der Waals (vdW) interactions (Haque and Ramasetty 2005; Jiang et 
al. 2006; Jiang et al. 2008). From the wide range of CNT reinforced composites 
currently used, two types of CNT/polymer interfaces are found. One of them is 
perfectly bonded interface and the other is imperfectly or non-bonded interface. When 
CNTs forms chemical bonding, particularly the covalent bonding with the polymer 
matrix, the CNT/matrix interface is considered as perfectly bonded interface. In the 
perfectly bonded interface, the influence of other factors like van der Waals 
interaction or electrostatic force becomes insignificant. From a practical viewpoint, 
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though it is possible to achieve chemical bonding between CNT and polymer, they are 
however not only expensive but also difficult to generate at the interface. In addition, 
this chemical bonding may not be uniform throughout the length of the embedded 
CNT. Furthermore, it is also not mandatory to achieve full chemical bonding 
depending on the nature of the use of the CNT reinforced composite. However, if 
chemical bonding is achieved properly, the interface may be considered as perfectly 
bonded which is comparatively simpler to investigate. In contrast with the perfectly 
bonded interface, non-bonded interface involves mechanical interlocking, thermal 
residual stress, non-covalent bonding like vdW interactions, electrostatic force of 
attraction between CNTs and polymer matrix. Though it is not clear which force is 
dominant at this type of interface, Qian et al. (2002) revealed that surface forces like 
friction, adhesion (vdW interaction) and outer surface roughness of CNT are the main 
factors governing the strength of the interface. In order to achieve profound 
understanding on interface characteristics, much research are to be conducted on true 
stress transferring mechanism of CNTs in polymer composite for both perfectly 
bonded and non-bonded interface.  
Stress transferring mechanism of CNT reinforced composite has been 
investigated both experimentally and theoretically since last decade (Lourie and 
Wagner 1998; Schadler et al. 1998; Qian et al. 2000; Cooper et al. 2002; Qian 2003, 
Gao and Li 2004; Haque and Ramasetty 2005). Though there are some experimental 
studies (Lourie and Wagner 1998; Schadler et al. 1998; Qian et al. 2000; Cooper et al. 
2002) on mechanical properties of carbon nanotube reinforced composite, these 
studies are unable to explain the true stress transferring mechanism between CNT and 
matrix as well as the mechanics involved at the interface elaborately. Furthermore, in 
experiments on CNT reinforced composites, major difficulties are encountered such 
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as gripping, manipulation, processing of carbon nanotube and the measurement of 
stress strain at small scale. In addition, experimental setup is typically very expensive.  
 On the other hand, computational approaches offer a good alternative in the 
study of nanotube reinforced composites. Some of the common computational 
methods include atomistic simulations, Finite Element Method (FEM) and continuum 
methods. The FEM has been known to be reasonably accurate in the analysis of 
perfectly bonded interface in simplified cases (Haque and Ramasetty 2005). However, 
the method is unable to predict accurate stress distribution for non-bonded interface 
because it is quite difficult to account the vdW interaction at the CNT/polymer 
interface. Atomistic simulations and continuum mechanics models can play 
significant roles in this development. Atomistic simulations are primarily based on 
molecular dynamic (MD) simulations and density functional theory (DFT) (Natarajan 
et al. 1998; Lordi and Nan 2000; Frankland and Harik 2003; Qian 2003; Wong et al. 
2003; Gou et al. 2005). The main focus of these studies was to understand and 
investigate the effect of bonding between the polymer and nanotube due to covalent, 
electrostatic or van der Waals forces and the effect of friction on the interface. To 
better simulate experimental investigations, most MD simulations are performed 
under conditions of constant number of atoms, volume, and energy or constant 
number of atoms, temperature, and pressure. However, MD simulation is not only 
costly but also time consuming compare to other methods. Present-day computers are 
still incapable of simulating models with more than a few million atoms at one time, 
despite the rapid advancement of computer power. These types of difficulties faced by 
FEM and MD simulations may be overcome with continuum based methods. 
Currently, several researchers have extended the continuum theories in 
micromechanics modeling and fiber-reinforced composites to the study of CNT 
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reinforced polymer composites (Qian et al. 2000; Liu 2003; Liu and Chen 2003; Chen 
2004) and explained the behavior of the composite from a mechanics point of view. 
Widely used continuum models include the shear-lag and pull-out models. These are 
commonly used in the study of fiber reinforced composite to understand the stress 
transferring mechanism at the interface. Recently, some researchers have extended the 
application of the shear-lag model for nanotube reinforced composite using 
representative volume element (RVE) concept (Liu 2003; Gao and Li 2005; Haque 
and Ramasetty 2005). The initial idea of RVE concept was proposed by Hashin 
(1983) as “a model of the material to be used to determine the corresponding effective 
properties for the homogenized macroscopic model. The RVE should be large enough 
to contain sufficient information about the structure in order to be representative; 
however it should be much smaller than the macroscopic body”. In view that the main 
application of RVE model is to capture the load transfer mechanism across the entire 
CNT/matrix interface, Liu and Chen (2003) remarked that continuum mechanics with 
elasticity principle used in conjunction with the RVE concept should be able to 
predict quite accurate results of the global response of the composite. Therefore, 
continuum based analysis using RVE concept, which can reduce significantly the 
computational cost as well as provide excellent accuracy, seems to be a good 
approach for investigating both perfectly and imperfectly bonded CNT/matrix 
interface. 
 
1.3 Objective and Scope 
  In view of the preceding discussion, the main objective of the present study is 
to determine the interface characteristics of carbon nanotube (CNT) and nanorope 
reinforced composites using classical continuum mechanics in the elastic regime. This 
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analytical study will focus on investigating the stress transferring mechanism between 
CNT and matrix, which largely influences the reinforcing potential of CNT and 
nanorope in polymer composites. Both perfect and imperfect bonding at the interface 
between CNT and matrix will be studied.    
The scope of this study include 
 To develop an analytical pull-out model of the CNT reinforced composite 
The pull-out model will be used to investigate the stress transferring 
mechanism from CNT to polymer for both perfectly and imperfectly bonded 
interface in polymer composite. Factors considered for chemically non-bonded 
portion of the imperfectly bonded interface include mechanical interlocking, 
thermal residual stress, Poisson’s contraction and van der Waals effect. The 
model aims to provide closed form analytical solution for different stress 
components of the composite. These formulas are expected to be useful to 
investigate the pull-out problem conveniently without resorting to more 
expensive and complicated experimental study. Parametric study will also be 
conducted for key composite parameters by using the newly derived formula. 
This continuum based analysis will be able to predict critical values of key 
interface parameters such as effective embedded length or critical 
CNT/polymer Young’s modulus ratio. In addition, the contribution of vdW 
interaction along the embedded length will also be obtained at the debonded 
CNT/polymer interface. 
 
 To develop an improved nanoscale shear-lag model of the CNT reinforced 
composite 
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The improved shear-lag model will be used to investigate the stress 
transferring mechanism of chemically non-bonded interface of CNT 
reinforced composites. The geometric features of the nanocomposites will be 
examined using the representative volume element (RVE) concept. Instead of 
considering any possible chemical bonding at the nanotube matrix interface, 
this part of the study will focus on the stress transferring of nanotube by 
combining mechanical interlocking with initial shrinkage stress due to 
differential thermal contraction, Poisson contraction and van der Waals 
interactions. By using continuum theory, this RVE model will be used to 
obtain analytical solutions of the axisymmetric problem in the linear elastic 
regime. Parametric studies will be conducted to obtain the effects of 
coefficient of friction at the interface, aspect ratio, CNT/matrix radius ratio 
and CNT/matrix modulus ratio on both axial and interfacial shear stresses of 
CNT. In addition, the influence of van der Waals interaction will also be 
investigated.  
Using the derived solution for stress components, the analytical model 
will be extended to investigate the static crack propagation of the CNT/matrix 
interface of CNT reinforced composite.  Crack may arise at the CNT/matrix 
interface due to missing atoms in the CNT (defective CNT), imperfect 
bonding or damaged interface arising from the production process. In addition, 
due to excessive loading and fatigue, chemical bonding at the interface may be 
impaired thereby altering initially perfectly bonded interface into so-called 
‘damaged’ non-bonded interface. Therefore, with the application of static load, 
the length of the non-bonded interface increases as crack propagation 
progresses. In the non-bonded interface, the stress carrying ability is affected 
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by thermal residual stress, Poisson’s contraction and vdW interactions.  This 
part of the study will be limited to interface cracking in the elastic regime due 
to the application of static load at the remote end of the RVE.  
 To develop an analytical shear-lag model for nanorope reinforced composite 
The model, developed based on continuum mechanics approach, will 
be used to obtain the interface characteristics of nanorope (several CNTs in a 
bundle) reinforced polymer composites using the RVE concept. In the 
axisymmetric RVE, the rope is modeled as a closed-packed cylindrical lattice 
consisting of seven single-walled nanotubes (SWNTs), which is approximated 
as a circular array. The outer surface of the rope is assumed to be perfectly 
bonded with the polymer resin whereas bonding between individual CNTs is 
assumed to be chemically non-bonded. Thus, two types of interfaces need to 
be modeled in the study. Since the CNTs are non-bonded to each other, van 
der Waals (vdW) interaction in terms of Lennard-Jones potential has to be 
accounted for. The analysis will be limited to the linear elastic regime. 
Formulas will be derived in closed forms for different stress components of 
the constituents. Parametric study will be conducted to examine the influences 
of major factors involved at the interfaces.  
 
1.4 Organization of the Thesis 
This thesis comprises of eight chapters. The outline of this dissertation is as 
follows  
Chapter 1: This chapter provides the background information on CNT and composite 
as well as a discussion on the types of CNT/matrix interface. This 
Chapter 1                                                                                                                 Introduction 
 
10 
 
introductory chapter also describes the research gap leading to the 
motivation for carrying out this research study, as well as the objective 
and scope of study. 
Chapter 2:  This chapter provides a brief literature review on the current state of the 
art on CNT and CNT reinforced composites. The review focuses on both 
experimental investigations and analytical studies of CNT reinforced 
composites. Subsequently, a detailed discussion of the available analytical 
models and tools to investigate the CNT reinforced composite is 
presented, followed by a discussion of recent strategies to solve this type 
of problem.  
Chapter 3: In this chapter, the mechanical property and geometric configuration of 
CNT, bonding state of CNT/polymer interface and its classification are 
discussed. The general equations for 2D and 3D polar coordinates are also 
presented. In addition, factors affecting the strength of the non-bonded 
interface will be presented. Factors considered include Poisson’s 
contraction, thermal residual stress, Lennard-Jones Potential and the van 
der Waals interactions between CNT and matrix. 
Chapter 4: This chapter presents the formulation of the pull-out model for perfectly 
bonded interface and derivation of analytical formulas for various stress 
components. The model is then extended for imperfectly bonded 
interface. Analytical solutions are compared against those available in the 
literature. In addition, results of parametric studies to investigate the 
effect of coefficient of friction, aspect ratio of CNT, modulus ratio and 
volume fraction on various stress components will be presented. 
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Chapter 5: This chapter presents the formulation of the improved shear-lag model for 
non-bonded CNT/matrix interface and derivation of analytical formulas 
for various stress components. Analytical solutions are compared against 
those available in the literature. In addition, parametric studies are 
conducted to understand the influence of coefficient of friction, aspect 
ratio of CNT, modulus ratio and volume fraction on various stress 
components will be presented. Furthermore, the influence of vdW 
interaction on the stress carrying potential of CNT of non-bonded 
interface is presented. Finally, using the derived formula for stress 
components, an analytical shear-lag model will be developed for the 
study of static crack-propagation of CNT/polymer interface. Analytical 
solutions for characteristics load/crack length responses will be presented.  
Chapter 6: This chapter presents the fundamentals of nanorope, types of interface, 
followed by the formulation of the proposed continuum model for 
nanorope reinforced composite using the RVE concept. Derived 
analytical expressions to obtain closed-form solutions of different stress 
components of the composite are presented. In addition, results of 
parametric studies conducted to examine the influence of key interface 
parameters on different stress components of the composite will be 
presented. 
Chapter 7: This final chapter summarizes the overall conclusions arising from this 
study and lists the recommendations for future research.  
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CHAPTER 2  
LITERATURE REVIEW 
   
2.1 Introduction 
Carbon nanotubes have attracted immense research interest due to their unique 
properties such as large aspect ratios, extremely high Young’s modulus (Treacy et al. 
1996; Krishnan, Dujardin et al. 1998; Sadeghi and Naghdabadi 2009), mechanical 
strength (Yu and Polycarpou 2004) as well as superior electrical (Tombler et al. 2000; 
Kymakis, Alexandou et al. 2002), thermal (Saion et al. 2005; Duong et al. 2008) and 
optical (Hao and Hanson 2006) properties. They are expected to be the ideal 
reinforcements for polymer composites, especially for enhancement of mechanical 
strength. However, the dominance of the mechanical properties of nanotubes alone 
does not ensure mechanically superior composites because the composite properties 
are strongly influenced by the nanotube–matrix interface. In addition, the strength 
characteristics of composite materials greatly depend on the mechanical load transfer 
through the CNT/matrix interface as well as factors contributing to the strength of the 
interface. Therefore, knowledge and understanding of the nature and mechanics of 
load transfer between nanotube and matrix is critical before the use of CNTs as 
reinforcement in composites can be commercialized. In this chapter, a critical review 
of the current state of the art of carbon nanotube reinforced composite will be 
presented. Preceding the review, the properties, bonding and geometry of nanotubes 
will be presented briefly in the next section.  
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2.2 Properties of Carbon Nanotubes 
It has already been widely acknowledged that nanotubes possess exceptional 
mechanical, electrical and optical properties. In this section, exceptional properties of 
CNT as well as the source of these exceptional properties (which includes bonding 
properties), and their geometric configuration of CNTs are discussed.  
2.2.1 Bonding Structure of CNT  
The bonding arrangement in CNT and graphite are known to be almost 
similar. In graphite, three outer-shell electrons of each carbon atom occupy the planar 
sp
2
 hybrid orbital to form three in-plane σ bonds with an out-of-plane π orbital (bond). 
This makes a planar hexagonal network and van der Waals force holds sheets of 
hexagonal networks parallel with each other with a spacing of 0.34 nm. An out-of-
plane π orbital or electron is distributed over a graphite plane and makes it more 
thermally and electrically conductive. The strength of C-C in-plane covalent bonds 
keeps the graphene sheet exceptionally strong against any in-plane distortion or 
fracture. The interaction of the loose π electrons with light causes graphite to appear 
black.  
Similar to the graphite, carbon nanotubes are one of the most stable forms of 
carbon and share the same sp
2
 covalent bonding structure. In fact, the source of 
extremely higher mechanical strength of carbon nanotube originates from the strong 
covalent bond which creates from the sp
2
 hybridization. Besides being 6 times lighter 
than steel, this extraordinary material has 5 times higher Young’s modulus and 10-20 
times higher tensile strength than steel. A comparison in terms of Young’s modulus 
and tensile strength between different types of nanotubes and stainless steel has been 
presented in Table 2.1.    
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 Table 2.1: Mechanical properties of nanotubes§ 
§(Min-Feng et al. 2000; Sinnott and Andrews 2001; Demczyk et al. 2002; Bellucci 
2005; Meo and Rossi 2007) 
 
The geometry of CNTs can be defined as cylindrically rolled graphite sheet 
having covalent bonding at the ends with an end cap.  The main difference between 
them is that in CNTs, sp
2
 hybrid bonds are deformed due to its cylindrical shape. The 
exceptional properties of CNTs are also produced from this deformed sp
2
 hybrid 
bond. This can be explained as when a graphite sheet is rolled over to form a 
nanotube, the sp
2
 hybrid orbital is deformed due to curvature effect which forms 
rehybridization of sp
2 
toward sp
3 orbital or σ-π bond mixing, as shown in Fig. 2.1. 
This hybridized structural feature, together with electron confinement gives nanotubes 
unique, extraordinary electronic, mechanical, chemical, thermal, magnetic and optical 
properties.  
Fig. 2.1: Bonding structures of graphite and carbon nanotube 
Material Young's modulus (TPa) Tensile strength (GPa) 
SWNT ~1 13–53 
Armchair SWNT 0.94  126.2 
Zigzag SWNT 0.94 94.5 
Chiral SWNT 0.92 
 
MWNT 0.8–0.95  63 –150  
Stainless steel 0.186–0.214 0.38–1.55 
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Since nanotubes are hollow, tubular, caged molecules, they have been proposed as 
lightweight packing material having large surface area for gas-storage and 
hydrocarbon fuel storage devices, and gas or liquid filtration devices, as well as 
nanoscale containers for molecular drug-delivery and casting structures for making 
nano-wires and nano-capsulate. In addition these structural and material 
characteristics of nanotubes point towards their possible use in making next 
generation extremely lightweight, but highly elastic, and very strong composite 
materials.  
2.2.2 Geometric Properties of CNT       
The geometric properties of nanotube are determined by their topological 
characteristic which gives their one-dimensional, seamless cylindrical structure. Each 
nanotube may contain either single or many tubes concentric with each other. On the 
basis of numbers of layers, carbon nanotubes are classified as single-walled nanotube 
(SWNT) or multi-walled nanotube (MWNT). Geometric configuration of both of 
these types of nanotube is similar except MWNT forms with more than one layer of 
graphene sheet. The geometric configuration of the CNT can be uniquely 
characterized by a vector    
                                                                                                             
in terms of a set of two integers (n, m) corresponding to graphite vectors    and    
(Fig. 2.2). Depending on the arrangement of this two integer, CNTs can be classified 
as zigzag (n, 0), armchair (m, m) or chiral (n, m) nanotube where n > m > 0.  
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Fig. 2.2: Formation of typical nanotubes by rolling a graphite sheet in different 
directions 
SWNT is constructed by rolling up a graphite sheet such that the two end-
points of the vector   are superimposed. Chiral vectors determine the directions, 
along which the graphene sheets are rolled to form tubular shell structures and 
perpendicular to the tube axis vectors. The radius   of CNT can be expressed as a 
function of the integers (m, n) and lattice constant as follows  
  
| |
  
 
√   
  
(√        )                                                
where |  | = |  |= √    is referred to as the lattice constant of graphite and    refers 
to the C–C bond length. 
Chiral tubes are generally identified using the chiral angle, which is defined, 
as the angle between the vector C and the zigzag direction   . This chiral angle is 
expressed as 
       (
√  
    
)                                            
where θ ranges from 0 for zigzag (m = 0) and 30° for armchair (m = n) tubes. 
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   The lattice constant and intertube spacing are required to generate a SWNT, 
SWNT bundle and MWNT. These two parameters vary in the radial direction i.e. with 
the tube diameter. Most experimental measurements and theoretical calculations agree 
that, on average,             and the intertube spacing t = 0.34 nm. As the 
average values of these two parameters are constant, the radius and chirality of any 
types of nanotubes can be directly measured from the value of the integers and the 
number of layers through Eqs. (2.2) and (2.3).  
Electrical properties of SWNTs are also determined by using these two 
integers. Srivastava et al. (2003) remarked that SWNT can be either conducting or 
semiconducting, depending on its chiral vector (n, m). It is known that when the 
difference (n - m) of the integers is a multiple of three, a conducting nanotube is 
obtained. If the difference is not a multiple of three, a semiconducting nanotube is 
obtained. It is also possible to connect nanotubes with different chiralities creating 
nanotube hetero-junctions, which can form a variety of nanoscale molecular 
electronic device components.  
 
2.3 Previous Experimental Works  
 Experimental investigations are necessary to determine the properties of 
carbon nanotube and their composites. Experimental works on nanotube reinforced 
composite began in the late 1990s. Though it is difficult to conduct experimental 
investigation at the nano scale, a decent amount of experimental evidences are found 
in the literature due to enormous interest. Most of these studies are conducted on 
MWNT reinforced composites and very few are for SWNT reinforced composites.  
Similar to fiber reinforced composite, a number of researchers have conducted 
fragmentation tests for CNT (most of them are MWNT) based composites. 
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Fragmentation tests are generally used to study the fiber-matrix stress transfer ability 
in conventional fiber reinforced composite, and thus the efficiency and quality of 
composite interfaces. Lourie and Wagner (1998) reported the observation of nanotube 
fragmentation under tensile stresses using CNT containing thin polymeric films as 
shown in Fig. 2.3. They estimated that MWNT/matrix stress transfer efficiency is at 
least one order of magnitude larger than conventional fiber-based composites and an 
additional insignificant stress is also transferred in tension through the CNT ends. 
This additional stress may arise from the increased polymer–tube affinity due to the 
presence of graphite pentagonal defects at the tube end caps. Though this result is a 
pioneer in the fragmentation of CNT reinforced composite, it cannot define the effect 
of other structural parameters, such as wall thickness or helicity, on the nanotube 
strength.  
Schadler et al. (1998) also studied the mechanical behavior of MWNT/epoxy 
composites (as shown in Fig. 2.4) in both tension and compression. It is observed that 
the compression modulus is higher than the tensile modulus, indicating that load 
transfer to the nanotubes in the composite is much higher in compression. In addition, 
the Raman peak position indicating the strain in the carbon bonds under loading shifts 
significantly under compression but not in tension. This study also suggested that 
during load transfer to MWNT, only the outer layers are stressed in tension whereas 
all the layers respond in compression. It can be concluded from observation that the 
interlayer bonding is not strong enough to transfer stress from the outer layer to inner 
layer. This phenomenon indicates that chemical bonding between the layers rarely 
occurs. In addition, SWNT which contains only single layer may be more effective as 
reinforcement than MWNT. 
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Fig. 2.3: (a, b) MWNT at the polymer film boundary revealing the extent of nanotube 
fragmentation arrows 
Again, Qian et al. (2000) dispersed MWNT homogeneously throughout 
polystyrene matrices by a simple solution-evaporation method without destroying the 
integrity of the nanotubes. Their tensile tests on composite films revealed that an 
increase of 36%-42% elastic modulus and 25% break stress can be achieved by the 
addition of only 1% by weight of nanotube in the matrix which indicated significant 
load transfer across the nanotube-matrix interface. 
 
 
       
 
 
  
 
Fig. 2.4: Distribution of the nanotubes and the twisted path they take through the 
resin; stress-strain curves for 5 wt % CNT/epoxy and pure epoxy 
Chapter 2                                                                                                         Literature Review 
 
 
20 
 
        Cooper et al. (2002) presented an experimental technique for probing 
individual carbon nanotube pull-out from a polymer matrix. Their procedure provides 
a direct measurement of the shear strength of the nanotube/composite interface for 
MWNT and SWNT rope specimens. The shear strength was estimated to be in the 
range of 320-370 MPa for MWNT and nanorope. The high values of interfacial 
strength and breaking strength measured here indicate that in some cases, substantial 
adhesion exists between the nanotubes and the epoxy resin matrix. However, their 
study could not estimate the amount of adhesion and could not identify the source of 
this cohesiveness. 
       In addition with mechanical and interfacial property, Cadek et al. (2003) 
observed that CNT also enhances the thermal properties of the composite. Their study 
was focused on polymer matrix made of polyvinyl alcohol (semi-crystalline) or poly-
9-vinyl carbazole (amorphous) reinforced with CNT. The observation revealed that 
thermal properties of the composite varied significantly on introduction of the 
nanotubes. They found by adding a range of mass fractions of carbon nanotubes, both 
Young's modulus and hardness, measured using nano-indentation, increased 
dramatically for both matrices.  The experimental results also showed an increase of 
82% in Young's modulus and 63% in hardness for polyvinyl alcohol resulting from 
the addition of approximately 1% (by weight) of multi walled carbon nanotubes. In 
the case of poly-9-vinyl carbazole, an increase of 200% in Young's modulus and 
100% in hardness were achieved by adding only 8 % by weight of nanotubes. They 
also claimed that it was the highest increase of mechanical properties observed when 
using carbon nanotube as a reinforcing agent. 
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After observing improved mechanical properties of CNT reinforced composite 
such as Young’s modulus, hardness, several researchers focused on nanotube matrix 
interface because the integrity of nanotube and polymer is very much dependent on 
the nanotube matrix interface. Though it is difficult to investigate the interface 
between  SWNT and polymer matrix due to the challenges involved in gripping, 
manipulation, force and strain measurements at the nanoscale, Byengsoo et al. (2006) 
investigated the effects of interfacial bonding on mechanical properties of SWNT 
reinforced copper matrix nanocomposites as shown in Fig. 2.5. They observed that 
CNT significantly improved the interfacial bonding between the nanotubes and the 
copper matrix. Their result revealed that the displacement rate of the nanotube 
reinforced nanocomposites reduced significantly due to the addition of nickel coating. 
The incorporation of carbon nanotubes and nickel-coated carbon nanotubes in the 
copper matrix composites also improved tribological properties compared with those 
of pure copper specimens. 
 
 
 
 
 
 
 
 
Fig. 2.5: (a) Nickel-coated CNT reinforced nanocomposites; (b) Effects of CNT on 
the tribological properties of nanocomposites 
a b 
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         CNTs can also be used as a reinforcement of engineering ceramics. Ceramics 
have high stiffness, excellent thermo stability and relatively low density, but their 
brittleness impedes their use as structural materials. Incorporating carbon nanotubes 
(CNTs) into a brittle ceramic might be expected to provide CNT/ceramic composites 
with both high toughness and high temperature stability. Until now, however, 
materials fabrication difficulties have limited research on CNT/ceramic composites.           
Yao et al. (2007) developed a modified model using the Eshelby equivalent tensor to 
evaluate overall elastic properties of CNT reinforced ceramic nanocomposites as 
shown in Fig. 2.6. Their computed results showed higher elastic modulus value which 
indicates perfect bonding between the reinforcement and the matrix. On the basis of 
their result, it is concluded that the modified model can be employed to predict the 
elastic properties of nanocomposites reinforced with CNTs. The simulated elastic 
modulus is higher than the experimental value. Lower experimental value is largely 
attributed to inadequate bond strength between splats, splat sliding. On the other hand, 
perfect bonding between CNTs and matrix is assumed which might lead higher elastic 
modulus in Eshelby’s model.  
 
 
Fig. 2.6: SEM micrographs showing fracture morphologies of aluminum oxide 
coating reinforced with (a) 4 wt% CNTs and (b) 8 wt% CNTs 
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        Multi-walled carbon nanotube (MWNT)/Al2O3 composites were further 
investigated using precursor method by Yamamoto et al. (2008) with MWNTs content 
up to 10 mass%. XRD analysis revealed that MWNT/Al2O3 composites were 
successfully synthesized by the dehydration of aluminum hydroxide–MWNTs 
mixture at 1500
0
C in vacuum. The experimental results revealed that MWNTs have 
excellent friction coefficient reduction ability when used in Al2O3-based composite. 
The steady-state friction coefficients (μ) for the composites were found to reach value 
as low as 0.33, according to unidirectional sliding friction tests using Si3N4 
counterpart in air. The value was substantially lower than that of MWNT-free 
monolithic Al2O3 (μ= 0.57). However, no improvement of the strength and toughness 
of the Al2O3/MWNT composite have been demonstrated. It may be primarily due to 
the agglomeration of MWNTs and the weak interface between MWNTs and the Al2O3 
matrix.  Micro structural observations showed that resultant friction behavior may be 
related to the smearing of transferred film over the contact area, which was expected 
to permit easy shear and then help to achieve a lubricating effect during sliding. 
However, fracture property tests have shown that no improvement of the fracture 
strength and fracture toughness of the composites was achieved by the addition of 
MWNTs. In addition, MWNT reduces the frictional property of the composite with 
the help of smearing action.  
       Yamamoto et al. (2008) also extended his own work and showed that a novel 
processing approach based on the precursor method. Instead of using fresh CNT, they 
used acid treated MWNT in their study. Mechanical interlocking was increased by the 
chemically modified MWNTs and this approach leads to improved mechanical 
properties. Mechanical measurements reveal that only 0.9% by volume of acid-treated 
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MWNT addition results in 27% and 25% simultaneous increases in bending strength 
and fracture toughness, respectively. 
  Meng et al. (2009) moderately investigated friction and wear behavior of 
carbon nanotube reinforced polyamide (PA6/CNT) composites under dry sliding and 
water lubricated condition using a pin-on-disc wear tester at different normal loads. 
Their results show that with the increasing normal loads, the friction coefficient of the 
composites increase under the dry sliding and decrease under the water lubricated 
condition, owing to inconsistent influences of shear strength and real contact areas. 
The specific wear rate of the composites increases under both of the sliding 
conditions. 
      Warren, Sun et al. (2009) adopted an approach to treat the SWNTs for the 
preparation of the epoxy/SWNT nanocomposite thin films. The Raman microscopy 
investigation indicated that the degree of dispersion dramatically increased as the 
SWNTs were oxidized and functionalized by PAMAM G0 dendrimers. Their 
investigation on degree of cure for the B-staged thin films by DSC shows that 50% 
cure gave satisfactory properties for VARTM processing to help enhance the 
mechanical properties of the laminated composites. This finding suggests that these 
epoxy/SWNT nanocomposite thin films can be easily used as interleaves for VARTM 
composite laminate applications.  
       The above discussions on most of previous experimental studies which are 
mainly on MWNT reinforced composites does not exactly show the behavior of 
SWNT. They conducted most of their studies for MWNT because the radius of 
SWNT is very small and hence problems in gripping, manipulation and measurement 
of stress-strain at the small scale were encountered. The previous result shows that 
carbon nanotubes are useful to enhance properties such as mechanical, thermal, 
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frictional improvement in composite. However, it is also observed that sometimes 
CNT are ineffective in polymer composite particularly when they are used as 
reinforcement in polymer composite due to weak interface. In this situation, the 
question arises whether CNT/matrix interface is strong enough to use CNT as an ideal 
reinforcement. So far, the reasons for CNT not to be integrated with polymer and the 
factors involved at the interface have not been identified accurately. In addition, 
current literature cannot provide much information on interface characteristics and the 
factors involved in nanotube matrix interface. Therefore, a clear understanding on the 
available factors and the physics involved at the CNT/matrix interface is required 
before using CNT as a potential reinforcement of polymer composite. 
 
2.4 Analytical Studies on CNT Reinforced Composites 
      Computational techniques are widely used to determine the effective material 
properties and investigate the stress transferring mechanism of nanotube reinforced 
composites. The most available computational methods are atomistic simulations, 
finite element method (FEM) and continuum mechanics or combination of several 
methods.  
2.3.1 Atomistic Simulation 
      Atomistic simulations can be classified as molecular mechanics (MM) or 
molecular dynamics (MD) simulations. These techniques are commonly used in 
nanotube pull-out simulations to obtain interfacial shear strength of CNT in polymer 
composite. Sometimes they are also used to investigate the influence chemisorption in 
CNT polymer interface.  
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      Using MM simulation and elasticity calculation, Liao and Li (2001)  reported 
a study on the interfacial characteristics of a carbon nanotube CNT reinforced 
polystyrene (PS) composite system. In the absence of atomic bonding between the 
reinforcement and the matrix material, it is found that the non-bond interactions 
consists of electrostatic and van der Waals interaction, deformation induced by these 
forces, as well as stress/deformation arising from mismatch in the coefficients of 
thermal expansion. All of these contribute to the interfacial stress transfer ability, the 
critical parameter controlling material performance. Their CNT pull-out simulation 
recommended that the interfacial shear stress of the CNT–PS system is about 160 
MPa which is significantly higher than most carbon fiber reinforced polymer. 
      Frankland and Harik (2003) carry out molecular dynamics simulations of 
carbon nanotube (CNT) pull-out from a polymer matrix, as shown in Fig. 2.7. As the 
CNT pull-out develops, variations in the displacement and velocities of the CNT are 
monitored. Linear trends in the CNT velocity–force relation are observed and used to 
estimate an effective viscosity coefficient for interfacial sliding at the CNT/polymer 
interface.  
 
Fig. 2.7: Molecular structure of crystalline PE/CNT composite: (a) A cross-section of 
the central region of the sample and (b) a side view of the CNT and two nearby PE 
chains 
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  As a result, the entire process of CNT pull-out is characterized by an 
interfacial friction model that is based on a critical pull-out force, and an analog of 
Newton’s friction law used to describe the CNT/polymer interfacial sliding. A 
hierarchical multiscale model was developed by Namilae and Chandra (2005) to study 
the mechanics of interfaces in CNT-based composites. Their MD simulation reveals 
that weak interfaces significantly reduce the ability of CNTs in providing high levels 
of reinforcement. Chemical attachments (as shown in Fig. 2.8) to CNTs can provide 
high interfacial strength.  Their study suggests that interfacial strength as high as 5 
GPa can be obtained by chemically bonding the matrix and CNTs. Interfacial strength 
varies as a function of the number of chemical attachments per unit surface area. 
Gou et al. (2005) used molecular mechanics and molecular dynamics 
simulations to study the molecular interactions between the nanotube rope and 
polymer matrix. In the study, they suggested that the molecular interaction and load 
transfer were dependent on not only the physical interactions between the nanotubes 
and epoxy resins but also the internal interactions within the nanotube rope system. 
 
 
Fig. 2.8: Schematic of the boundary conditions applied in the pull-out test simulation 
 
Chapter 2                                                                                                         Literature Review 
 
 
28 
 
The simulation results showed that the inter-tube shear stress within a 
nanotube rope was higher than the interfacial shear stress between an individual tube 
and epoxy resin. To increase the load transfer ability of single-walled 
nanotube/polymer composites, it is essential to form a strong interface through 
functionalization. 
      Zhu et al. (2007) studied three periodic systems – a long CNT-reinforced 
Epon-862 composite, a short CNT-reinforced Epon-862 composite, and the Epon-862 
matrix itself using molecular dynamics. Their results showed that with increasing 
strain in the longitudinal direction, the Young’s modulus of CNT increases whilst that 
of the Epon-862 composite or matrix decreases. Furthermore, a long CNT can greatly 
improve the Young’s modulus of the Epon-862 composite (about 10 times stiffer), 
which is also consistent with the prediction based on the rule-of-mixture at low strain 
level. Even a short CNT can also enhance the Young’s modulus of the Epon-862 
composite, with an increment of 20% being observed as compared to that of the 
Epon-862 matrix. 
      Using MM and MD simulations, Zheng et al. (2009) investigated the non-
covalent association of SWNT with PE molecule on the interfacial bonding between 
the SWNTs and polymer. Their results revealed that appropriate functionalization of 
nanotubes at low densities of functionalized carbon atoms drastically increase their 
interfacial bonding and shear stress between the nanotubes and the polymer matrix. 
This indicates that increasing the load transfer between SWNTs and a polymer matrix 
in a composite via feasible chemisorption may be an effective way and chemical 
attachment of nanotubes during processing may be in part responsible for the 
enhanced stress transfer observed in some systems of the nanotube–polymer 
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composites. Furthermore, this suggests the possibility to use functionalized nanotubes 
to effectively reinforce other kinds of polymer-based materials as well. 
       Recently, Li et al. (2011) has conducted a series of pull-out simulations of 
CNT to investigate the interfacial properties between CNT and polymer matrix for 
two-phase CNT/polymer nanocomposites, in which only van der Waals (vdW) 
interaction was considered. Their results indicate that the pull-out force is affected by 
interfacial properties, is independent of nanotube length and proportional to the 
nanotube diameter.  
2.4.2 Finite Element Method 
      Thostenson and Chou (2001) characterized a model of composite system of 
aligned MWNT embedded in a polystyrene matrix. They used a micromechanical 
approach for modeling short fiber reinforced composite to predict the elastic modulus 
of nanocomposites as a function of constituent’s properties, reinforcement geometry 
and nanotube’s structure. They also suggest that the elastic properties of 
nanocomposites are sensitive to the diameter of the tube since larger diameter 
nanotubes show a lower effective modulus and occupy a greater volume fraction 
relative to smaller diameter nanotubes. 
     Later, Chen et al. (2003) introduced 3-D nanoscale representative volume 
element (RVE) as shown in Fig.2.9 to evaluate the effective material properties of 
nanotube based composite based on continuum mechanics and the finite element 
method (FEM). They suggested that additions of CNTs in a matrix at volume 
fractions of only about 2% and 5%, the stiffness of the composite can increase by 
70% and 970% for the short and long CNT cases, respectively.      
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Fig. 2.9: Nanoscale RVE for analysis of CNT-based nanocomposites  
        Chen et al. (2004) further studied CNT reinforced composites using RVE 
based model in which they suggested that addition of CNTs in a matrix at a volume 
fraction of 3.6%, the stiffness of the composite can increase by as much as 33% in the 
axial direction with long CNTs. Afterward, Tserpes et al. (2008) proposed a multi-
scale RVE for modeling the tensile behavior of carbon nanotube-reinforced 
composites.  
 
Fig. 2.10: (a) Generation of RVE; (b) Finite element mesh of RVE; (c) Free body 
diagram of nanotube 
Chapter 2                                                                                                         Literature Review 
 
 
31 
 
They used a progressive fracture model based on the modified Morse 
interatomic potential for simulating the behavior of the isolated carbon nanotubes and 
the FEM for modeling the matrix and building the RVE as shown in Fig. 2.10. They 
simulated nanotube/matrix debonding by prohibiting load transfer in the debonded 
region using the RVE, a unidirectional nanotube/polymer composite. They also 
studied the effect of interfacial shear strength on the tensile behavior of the 
nanocomposites and found stiffness to be unaffected while tensile strength decreases 
significantly as interfacial shears strength decreases.     
Recently, Shokrieh and Rafiee (2010) developed FEM model (as shown in 
Fig. 2.11) to investigate the tensile behavior of embedded short carbon nanotubes in 
polymer matrix considering the presence of vdW interactions at the interface region. 
The interface is modeled using spring elements capturing the force-distance curve of 
vdW interactions. The FEM model is subjected to tensile loading to determine the 
longitudinal Young’s modulus.  Results revealed that capped short carbon nanotubes 
reinforce polymer matrix less efficiently than long CNTs. By increasing the length of 
nanotubes, the tensile modulus of resin is found to increase too. The rate of 
enhancement in stiffness was found to increase more rapidly for lengths smaller than 
1296 nm as compared with the rate for lengths larger than 10800 nm. 
  
Fig. 2.11: FEM model of CNT reinforced composite  
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2.4.3 Continuum Mechanics Modeling 
      Continuum mechanics (CM) approach is widely used for fiber-reinforced 
composite over the years especially to develop shear-lag or pull-out models, which 
are commonly used to obtain interface characteristics of the composite. This approach 
is helpful in overcoming experimental difficulty as well as saves time and cost. This 
section reviews the current state of the art on shear-lag and pull-out models for carbon 
nanotube reinforced composites.  
2.4.3.1 Pull-out Models  
        In conventional fiber reinforced composite, pull-out tests are widely used to 
measure the key interface parameters, maximum pull-out force or effective pull-out 
length. However, it is very difficult to conduct experimental pull out tests on CNT 
embedded in polymer matrix due to the challenges involved in griping, manipulation 
and stress, strain measurements at the nanoscale level. Pull-out analyses of 
conventional fiber reinforced composites have been studied using pull-out models for 
many years (Chua and Piggott 1985; Li-Min et al. 1992; Seshadri and Saigal 2007). 
Recently, some researchers have proposed various pull-out models for carbon 
nanotube reinforced composites using the continuum mechanics approach (Kin-tak 
2003; Tan and Kin 2004; Natsuki, Wang et al. 2007).  
       Tan and Kin (2004) have derived the solution for effective stiffness of multi-
walled CNTs in the radial direction by using a nonlinear pull-out model (as shown in 
Fig 2.12)  in which thermal residual stress, Poisson’s ratio effect, as well as nonlinear 
elastic behavior of nanotubes are considered. In the model, the CNT in the matrix is  
modeled as an isotropic cylinder shell subjected to axial tensile load and radial 
pressure, considering nonlinear in-plane stiffness in the axial direction and the 
effective stiffness in the circumferential direction. Analytical solutions of axial 
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membrane force of the nanotube and the nanotube–matrix interfacial shear stress were 
obtained. Results suggest that the distribution of interfacial shear stress along the 
nanotube length is sensitive to its elastic nonlinearity.  
Natsuki and Wang et al. (2007) have also developed an analytical pull-out 
model, as shown in Fig. 2.13, to evaluate the stress transferring of CNT with 
composite coatings by means of a continuum mechanics model. Their results showed 
that CNT sizes, coating thickness, and friction coefficient strongly affect the 
interfacial stress transfers between the CNT and the coating. It is worthwhile to 
mention that the interfacial bonding of CNT induced by atomic interactions with 
polymer chains can contribute to adhesion characteristics. Though their study 
considers the vdW interactions between the inter-tubes, it ignores the dominant 
portion of vdW interaction that exists generally between the CNT and polymer.  
                      
Fig. 2.12: Pull-out model for MWNT (uniform dilation model) 
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Fig. 2.13: Pull-out model for MWNT from polymer coating   
In a recent study carried out by Wagner (2002), the interfacial shear strength 
in polymer composites reinforced by SWNT has been estimated using a modified 
Kelly–Tyson approach, which however assumes the interfacial shear and axial normal 
stresses to be uniform throughout the length.  
      Though a number of previous studies consider the case of frictionally bonded 
interface in nanotube pull-out model, they are valid only for very weak CNT/matrix 
interface. Surprisingly, no research study on CNT pull-out model for perfectly bonded 
interface has been reported in the literature for perfectly bonded interface. Practically, 
debond occurs only near the tip of the nanotube (open end of CNT) due to excessive 
interfacial shear stress and frictionally bonded interface can be assumed only at that 
region. Therefore an imperfectly bonded interface which assumes both non-bonded 
interface near the open end and perfectly bonded interface in the remaining length can 
represent more realistic stress transferring mechanism of CNT in polymer composite. 
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2.4.3.2 Shear-lag Models  
      Shear-lag analysis is generally carried out using the representative volume 
element (RVE) concept, which is actually capable of capturing global response of the 
composite. The conventional shear-lag model was first proposed by Cox (1952), 
substantially modified by Dow (1963) and further improved by Rosen (1965), 
McCartney (1992) and Nairn (1997) in the context of linear elasticity. Cox (1952) 
proposed the conventional shear-lag model for a single fiber completely surrounded 
by matrix material subjected to an axial uniform displacement. He assumed that the 
difference of axial displacement between the fiber and matrix (in the absence of fiber) 
at any point on the fiber is directly proportional to the stress taken by the fiber. In 
1963, Dow (1963) modified Cox’s model and assumed that the matrix axial 
displacement is variable over the section. He further improved Cox’s original model 
by allowing matrix materials at the end of the fiber. Rosen (1964) assumed that the 
fiber is embedded within a composite medium with average composite properties. 
Kim and Mai (1998) proposed an improved friction-based shear-lag model by using 
fracture mechanics approach for fiber reinforced composite. They considered 
frictional slip between the fiber and matrix and assumed that Coulomb’s friction law 
at the interface region governs the stress transfer. However, all of these models 
reviewed are valid for fiber reinforced composite and do not consider van der Waals 
interactions. 
      Hsueh et al. (1994) introduced stress transfer mechanism between single fiber 
and platelet reinforced composite. Tsai et al. (2002) extended their work by 
determining load transfer efficiency and the effect of dispersion for the platelet 
reinforced nanoclay composites. Haque and Ramasetty (2005) further extended their 
work for single walled carbon nanotube (SWNT) reinforced polymer composites. 
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They developed an analytical model to predict axial stress and interfacial shear stress 
along the carbon nanotube (CNT) embedded in matrix materials. A simplified 2D 
representative volume element (RVE) of CNT (as shown in Fig.2.14) was used in the 
analysis. Their numerical results indicate that using sufficiently long and large 
nanotubes and a small nanotube volume fraction improves the efficiency of stress 
transfer in carbon nanotube reinforced polymer (NRP) composites. 
Subsequently, Gao and Li (2005) developed a shear-lag model for NRP 
composites using a multiscale approach. They utilized a concentric composite 
cylinder embedded with a capped nanotube as a RVE to capture the major 
morphological features of the nanocomposites. Based on elasticity theory for 
axisymmetric problems, they derived closed-form formulae for calculating the 
interfacial shear stress and other stress components in both the nanotube and matrix. 
 
 
     .   
 
                       
 
Fig. 2.14: (a) Nanotube reinforced composites with uniformly distributed SWNT; (b) 
Stresses acting on differential element of CNT  
        
b a 
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      Li and Saigal (2007) developed a micromechanical model for assessing the 
interfacial shear stress transfer in NRP composites. They performed a continuum-
based analysis using the elasticity theory for the axisymmetric RVE problem as 
shown in Fig. 2.15 to obtain an analytical solution for computing the average axial 
normal stress in the nanotube and the interfacial shear stress across the nanotube/ 
matrix interface. The numerical results indicate that using sufficiently long and large 
nanotubes and a small nanotube volume fraction improves the efficiency of stress 
transfer in NRP composites. Recently, Shao et al. (2009) have studied the effects of 
the waviness of the CNTs and the interfacial debonding between them and the matrix 
on the effective modulus of CNT reinforced composites.  In their article, they 
presented two simple methods to examine the effect of partial debonding on the 
effective moduli. Their results showed that both the waviness and debonding can 
significantly reduce the stiffening effect of the nanotubes, though they have 
exceptionally high modulus. In particular, the effective elastic constants of the 
composites are very sensitive to the waviness when the latter is small. Nevertheless, 
the load-transferring mechanisms at the interface between the nanotubes and the 
matrices may be very complicated, and both waviness and debonding may exist 
simultaneously. 
 
    Fig. 2.15: Micromechanical model for nanotube reinforced polymer  
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      Most of the previous shear-lag models, such as those proposed by Gao and Li 
(2005) and Haque and Ramasetty (2005), assumed that the nanotube is perfectly 
bonded with the matrix.  However, perfect bonding is not always common and 
chemical bonding is not easy to achieve at the CNT/polymer interface. Therefore, the 
actual factors involved at the CNT/matrix interface such as mechanical interlocking, 
thermal contraction, Poisson’s effect and van der Waals interactions need to be taken 
into account to achieve more realistic stress transferring mechanism of the CNT 
reinforced composite. 
 
2.5 Conclusion 
         It can be seen from the literature review that the use of CNT as reinforcement 
is not always effective and sometimes their influence is very insignificant contrary to 
what is to be expected. Very few experimental studies investigated the interface 
characteristics and mechanics involved at this region due to the fact that experiments 
at nanoscale level are very difficult and high costs involves in carrying out them. 
Though it is not clear which force is dominant, several research studies revealed that 
surface forces like friction, adhesion and roughness are the main factors governing the 
strength of the interface. As it is quite difficult to determine the contribution of key 
factors at the interface region by experimental studies, analytical studies are generally 
regarded as viable alternatives to understand the actual interface characteristics and 
the mechanics involved at the interface. 
      Atomistic simulations are also reviewed for CNT in polymer composite in 
which MD pull-out simulations are the most popular. MD simulation is capable of 
providing quite accurate results. The result of the MD simulation is a time series of 
conformations or the path followed by each atom. Most molecular dynamics 
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simulations are performed under conditions of constant number of atoms, volume, and 
energy or constant number of atoms, temperature, and pressure to better simulate 
experimental conditions. However, present-day computers still cannot model more 
than a few million atoms at one time, despite the rapid advancement of computer 
power. These numbers are still far below the real size of most composite systems, 
which are in the order of Avogadro's number (6.023×10
23
) of molecules. Therefore 
MD simulations may not be realistic in view of the disparity between actual number 
of atoms involved and the number considered in the simulation. They are thus 
disadvantageous because of the high computational costs and time demanded. 
        Analytical study using finite element or continuum mechanics models can play 
significant roles in this development. Literature review shows that the representative 
volume element (RVE) concept is popularly used in both FE analysis and continuum 
mechanics approaches. The finite element method is suitable for perfectly bonded 
interface, which however leads to an overestimation of the interface strength.  By 
using this method, it is quite difficult to investigate non-bonded CNT/polymer 
interface in which key factors like vdW interaction, mechanical interlocking are 
dominant.  
        Under the circumstances stated above, continuum mechanics approach using 
the RVE concept, which can save both time and cost, may be an effective way to 
investigate the interface characteristics and the mechanics involved at the interface of 
the CNT reinforced composites. 
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CHAPTER 3   
CNT/MATRIX INTERFACE 
 
3.1 Introduction 
  Carbon nanotubes are expected to be used in a wide range of applications, 
such as high performance and high strength composite materials, field emission 
displays, and nano-electronic devices. They are intended for use as reinforcement or 
filler in polymer composite. Literature review reveals that the Young’s modulus of 
nanotube is higher than an order of magnitude compared to available materials used 
as matrix commonly used in conventional composites. Naturally, the type of bonding 
achieved between the nanotube and matrix, or in short the interfacial bonding, plays a 
crucial role in determining the nanocomposite strength. Therefore, the knowledge and 
understanding on the types of interface and various factors involved particularly on 
the chemically non-bonded interface, namely thermal residual stress, radial stress due 
to Poisson’s contraction and van der Waals (vdW) interaction, are very important in 
determining the composite strength towards the use of CNT as an effective 
reinforcement in the wide range of polymer matrix. In this chapter, various interface 
types, general equations for polar coordinate system and the mechanics involved in 
determining the factors of chemically non-bonded CNT/matrix interface will be 
presented. In computing radial stress caused by vdW interaction, the interactions 
between polymer resin and graphene sheets will be discussed first followed by the 
interaction between the CNT and polymer matrix.  
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3.2 Categorization of CNT/Matrix Interface  
  As discussed earlier, CNT/matrix interface is very crucial in transferring stress 
from the matrix to the stronger nanotube, which determines the composite strength. 
The types of interface are presented in Fig. 3.1. Based on the availability of bonding, 
CNT/matrix interface may be classified as two types: chemically bonded and 
chemically non-bonded interface. Chemically bonded interface may be termed as 
perfectly bonded interface. Though this type of perfect bonding is neither common 
nor easy to achieve, chemisorptions between CNT and matrix (like epoxy or 
polystyrene) can create significant chemical bonding thereby resulting in a perfectly 
bonded interface.  
         
 
Fig. 3.1: Classification of nanotube/polymer interface 
Nanotube/Matrix Interface 
Frictionally Bonded 
Interface (Does not allow 
sliding or radial displacement) 
Frictionally 
Debonded Interface 
(Allows sliding and 
radial displacement) 
Chemically non-bonded Interface 
(Influencing Factors: Mechanical 
Interlocking, 
Thermal residual stress, Poisson’s 
Contraction 
& van der Waals Interaction) 
 
Chemically bonded Interface 
(Perfectly Bonded Interface) 
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      In the perfectly bonded interface, strain compatibility can be assumed whereby 
the strain remains the same for both CNT and polymer matrix at the interface region. 
For this type of interface, composite strength is directly related to the volume fraction 
of CNT and Young’s modulus of the constituents. In the chemically non-bonded 
interface, stress transferring mechanism is more complicated. In this case, perfect 
bonding cannot be approximated due to the fact that the non-bonded interface is 
generally weaker than the perfectly bonded interface. For this type of interface, 
literature review suggests that stress carrying potential of CNT is determined by 
thermal residual stress, Poisson’s contract effect and van der Waals interaction. This 
non-bonded interface can be divided into two distinct types, namely frictionally 
bonded and debonded CNT/polymer interface.  Coulomb’s friction law can be applied 
for both of these two types of non-bonded interfaces. However, after the application 
of load, both the axial and radial displacements of CNT and polymer matrix may be 
different at the debonded interface which implies that the CNT/matrix does not obeys 
the displacement compatibility at the interface. Therefore, a good understanding of 
interfacial behavior is necessary to determine accurately the composite strength. 
Specifically, the influencing factors of the non-bonded interface need to be 
investigated comprehensively.  
 
3.3 Formulation 
       In determining influence of the factors (Poisson’s ratio effect and van der 
Waals interactions) involved at the non-bonded interface, it is advantageous to use 
polar coordinates. In addition, polar coordinates are often more convenient for many 
problems such as external and internal pressure, rotating disk etc. In this section, 
general governing equations based on polar coordinates are presented. 
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2D Polar coordinate system 
The general equations for polar coordinate system of circular body can be 
derived from the classical elasticity principle presented by Timoshenko and Goodier 
(1970) in their well-known book named “Theory of Elasticity”.  The position of a 
point in the middle plane of a plate is defined by the distance r from the origin O and 
by an angle θ between r and axis OX in the plane. Let us consider a small rectangular 
element 1234 (as shown in Fig. 3.2) cut out from a plate by the radial section where 
the normal stress components in the radial direction is denoted by      the normal 
component in the circumferential direction termed as hoop stress is denoted by    and 
the shear stress component by     . Each symbol representing the stress at the point (r, 
θ), is at the midpoint of the element P. 
 On account of the variation of stress, the values at the mid points of the sides 
1234 are not the same as the values           and are denoted by               etc. 
The radii of the sides 3, 1 are denoted by      . The radial force on the side 1 is 
       . Similarly the radial force on the side 3 is         . The normal force 
component along the radius through P on the side 2 is    (     )    (   ⁄ ) which 
may be written as       (   ⁄ ). The corresponding component from side 4 is 
      (   ⁄ ). 
The shear forces on the side 2 and 4 can be given by (         )  . 
Summing up the forces in the radial direction, including a body force R per unit 
volume in the radial direction, the following equilibrium equation may be obtained 
           
  
 
 
 
(       )  
 (         )
  
                                            (   ) 
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Fig. 3.2: Polar Coordinate system for 2D plate element 
 
         If the dimensions of the element are now taken smaller and smaller, the first 
term of the Eq. (3.2) may be written as  (    )   ⁄ , the second term becomes     
and the third term       ⁄ . 
The equilibrium equation in the tangential direction may be derived in the 
same manner. In the absence of body force, the equations for radial and tangential 
direction may be written as 
    
  
 
 
 
    
  
 
       
 
                                         (   ) 
 
 
    
  
 
    
  
 
    
 
                                             (   ) 
The above stated two differential equations may be satisfied by  
    
 
 
  
  
 
 
  
   
   
                                                       (   ) 
P 
Chapter 3                                                                                                   CNT/Matrix Interface 
45 
 
    
   
   
                                                            (   ) 
    
 
  
  
  
 
 
 
   
    
  
 
  
(
 
 
  
  
)                                              (   ) 
 
where  , called the stress function, can be expressed as a function of r and θ. Eqs. 
(3.3) and (3.4) can be verified by direct substitution of Eqs. (3.5), (3.6) and (3.7) in 
Eqs. (3.3) and (3.4). After substitution, the equation of compatibility may be written 
as a partial differential equation in terms of        as follows 
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Stress distribution for 2D symmetric Problem 
If the problem is symmetric about an axis, the stress function depends on r 
only. The equation of compatibility reduces to 
(
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The above fourth order differential equation can be reduced to a linear 
differential equation with constant coefficients by introducing a new variable t such 
that     . The general solution of Eq. (3.9) can be obtained through direct 
integration as 
      ( )     
   ( )     
                                   (    ) 
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where             are integration constants. The stress components for symmetrical 
stress distribution with the absence of body force can be obtained from Eq. (3.10). 
The corresponding stress components can be obtained from Eqs (3.5), (3.6) and (3.7) 
as follows 
    
 
 
  
  
 
  
  
  ( )    (     )                                             (    ) 
    
   
   
  
  
  
  ( )    (      )                                       (    ) 
                                                             (    ) 
For a solid cross-section, constants    and    vanish otherwise the stress at r 
=0 becomes infinite (Timoshenko and Goodier 1970). Hence, for a plate without a 
hole at the origin with no body force, for symmetrical stress distribution with respect 
to the axis perpendicular to the plane, the radial and hoop stress have only one 
solution, i.e. the plate is in a condition of uniform tension or uniform compression in 
all directions in the plane. Therefore,   
                                       (    )  
If there is a hole at the origin, other than uniform tension or compression, 
another solution can be derived from Eqs. (3.11) and (3.12) by taking     . The 
proof of A2 must be zero can be obtained from displacement consideration as given on 
page 78 by Timoshenko and Goodier (1970). Therefore, Eqs. (3.11) and (3.12) 
become  
    
 
 
  
  
 
  
  
                                            (    ) 
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                                         (    ) 
Note that Eqs. (3.14), (3.15) and (3.16) may be used to determine the radial stress due 
to Poisson’s contraction.  
3D Polar coordinate system 
      Similar to the 2D plate element, the governing differential equations in 3D 
polar coordinate system (r, θ, z) can be obtained by using force equilibrium. In order 
to describe the 3D polar coordinate system, a section of cylindrical element is 
presented in Fig. 3.5. The figure shows a 3D solid element with stress components 
shown corresponding to their directions. Note that the z axis is perpendicular to the r-
θ plane;     the axial normal stress along the z direction;     the shear stress in the r-z 
plane. Therefore, in view of Eqs. (3.3) and (3.4) the basic equations for a 3D solid 
element in terms of polar coordinates (r,  , z) may be written as given by Lame and 
Clapeyron (1831) 
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Fig. 3.3: Polar coordinate system for 3D cylindrical element 
      In the case of symmetrical stress distribution about an axis, deformation being 
symmetrical with respect to z-axis, it follows that the stress components are 
independent of the angle θ, and all derivatives with respect to the angle θ vanish. The 
shear stress components     and     also vanish on the account of symmetry. Thus 
Eq. (3.17) to (3.19) reduce into two expressions for symmetric problem as follows 
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                                             (    ) 
The above differential equations can be readily used in axisymmetric problem. 
In this study, both the shear-lag and pull-out models employ these equations in 
generating closed form analytical solutions, which will be discussed in Chapters 4, 5, 
and 6. In addition, these equations will be used to obtain the radial stress due to 
Poison’s ratio effect in the next section.  
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3.4 Radial Stress due to Poisson’s Contraction 
        In general, an additional radial stress is produced at the interface due to 
Poisson’s contraction of the CNT and matrix when an axial tensile stress is applied in 
the composite. When the fiber has a smaller Poisson’s ratio than the matrix (the 
normal case for most composites), there is a compressive radial stress at the interface 
acting normal to the fiber.  
     Let us consider a nanocomposite in which a fiber having a radius a is 
completely surrounded by polymer matrix of radius b as shown in Fig 3.6. The radial 
compressive stress that exerts on the fiber due to uniform axial stress at the remote 
end of the matrix may be computed by Lame’s formulation (Gao, Mai et al. 1988). 
For plane strain deformation, the expressions for stress and displacement in the 
axisymmetric cylindrical domain are given below 
 
 
Fig. 3.4: Poisson’s effect at the nanotube/matrix interface 
 
Matrix 
   
   
 Effective Fiber 
Matrix 
CNT 
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Here, the material is assumed to be isotropic. Hence, the constitutive equations can be 
written as 
    
 
 
{     (       )}                                       (    ) 
    
 
 
{     (       )}                                        (    ) 
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                                                            (    ) 
in which                   are the corresponding strain components and 𝑤, 𝑢 the 
axial and radial displacements, respectively;     and   are the Young’s modulus, 
shear modulus and Poisson’s ratio, respectively.   
The geometric equations (strain displacement relationship) of the 
axisymmetric problem may be written as 
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For effective fiber 
From Eq. (3.14), the radial stress can be obtained and is found to be constant for the 
effective fiber. Thus, we may write 
                                                              (    ) 
in which q1 is a constant. In view of Hooke’s Law as given in Eq. (3.26), the radial 
displacement of the effective fiber may be written as 
𝑢 
  
    
  
(     )    
  
  
(   
       )              (    ) 
where subscript/superscript f denotes the fiber. 
For the matrix ring domain   
When fibers are fully surrounded by the polymer matrix, an annular ring of polymer 
matrix is formed. Hence, Eqs. (3.15) and (3.16) are valid for the radial and hoop 
stresses of the matrix and may be rewritten as 
    
  
  
                   
  
  
                      (       ) 
The radial displacement of the fiber may be written as 
𝑢 
   
  
  
(   
        )  
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(     )   
(    )(     )
  
    ]         (    ) 
where subscript/superscript m denotes the matrix. 
The boundary conditions for the problem are 
   
 ( )                                                  (    ) 
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 ( )     
 ( )                                       (    ) 
𝑢 
 ( )  𝑢 
  ( )                                       (    ) 
Upon substituting Eq. (3.34) into Eq. (3.32a), we obtain 
                                                                         
                                             (    ) 
and substituting Eq. (3.35) into Eq. (3.32a), we obtain 
   
  
  
                                              (    ) 
In view of Eqs. (3.36), Eqs. (3.31) and (3.33), it may be derived as 
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After solving Eqs. (3.37) to (3.39), the three unknowns    ,    and    may be 
determined  
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where 
  
  
     
                                       (    ) 
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                                                (    ) 
Note that Eq. (3.42) can be used to obtain the radial compressive stress due to 
Poisson’s contraction. 
 
3.5 Thermal Residual Stress 
      Development of thermal residual stress is very crucial for any composite 
because the load carrying capacity of CNT depends on how much radial compressive 
stress arises from different sources including shrinkage stress. This radial 
(compressive) stress (  ) is caused by matrix shrinkage due to differential thermal 
contraction of the constituents upon cooling from the processing temperature. This 
residual stress acts as a uniform pressure over the entire interface, which can be 
determined directly through experimental investigation. The stress can also be 
determined using the experimental value of temperature change, thermal contraction, 
volume fraction, Poisson’s ratio and Young’s modulus of the constituents as follows 
(Budiansky, Hutchinson et al. 1986) 
   
    
 [     
(     )    
 ] (     )  
{  
(  
  
  
) (    )
  
  (     )
  (
  
  
)    
(     )    
  
 }
 (    ) 
where    is the change of temperature after thermal cooling;        the volume 
fractions of matrix and fiber, respectively;       the thermal coefficients of 
expansion of CNT and matrix, respectively; E the axial modulus of elasticity of 
composite which is approximated by 
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3.6 van der Waals Interactions 
      The interaction caused by the van der Waals force is one of the important 
factors which are generally present at the chemically non-bonded interface. This 
section focuses on determining the influence caused by this interaction using 
continuum theory.  
      Compared to atomistic simulations, continuum models are not constrained on 
the length and time scales, and are suitable for the study of nanocomposites. Though it 
is one of the major challenges for continuum mechanics to estimate the van der Waals 
force accurately in continuum models, there are some examples of adopting this 
method to estimate cohesive force at the fiber matrix interface zone. There is a 
number of cohesive zone models in the literature on chemically non-bonded interface 
(e.g., Needleman, 1987; Camacho and Ortiz, 1996; Geubelle and Baylor, 1998). A 
cohesive zone model assumes a relation between the normal (and shear) traction(s) 
and the opening or sliding displacement(s). Some researchers made efforts to develop 
cohesive zone models using the finite element method, which is capable of simulating 
interface debonding which allows radial and sliding displacement (e.g., Huang and 
Gao, 2001; Zhang et al., 2002; Kubair et al., 2002, 2003; Samudrala et al., 2002, 
2003; Thiagarajan et al., 2004a, b; Tan et al., 2005a, b, 2006). There are also some 
recent studies for micro scale cohesive laws (e.g., Li et al., 1987; Guo et al., 1999; 
Mohammed and Liechti, 2000; Bazant, 2002; Elices et al., 2002; Hong and Kim, 
2003; Tan et al., 2005b), but none of them are on nanoscale cohesive laws and not 
specifically for CNT/polymer interfaces. Finally, Jiang, Huang et al. (2006) developed 
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a cohesive law for carbon nanotube/polymer interfaces capable of accounting the van 
der Waals force quite accurately. They focused on only van der Waals force, and do 
not consider the other factors such as thermal residual stress or Poisson’s effect 
simultaneously or any possible chemical bonding even though there may be some 
covalent bonding that can contribute to CNT/polymer interactions. In estimating the 
influence of van der Waals interaction at the non-bonded interface, this study follows 
their idea of considering the number of atoms per unit area of graphene sheet and 
number of polymer molecules per unit volume.  
       The energy between two non-bonded pair of atoms at a distance d due to van 
der Waals interaction is usually represented by the Lennard–Jones potential as follows 
   ( )    (
   
   
 
  
  
)                                                      (    )  
where  ( ) is the Lennard-Jones potential; δ (=0.3825nm) the characteristic bond 
length between atoms;  the corresponding bond energy of the atoms. The bond 
energy at the equilibrium distance  for carbon atom and -CH2- units of polyethylene is 
            . It is to be noted that the values of     and   may be different for other 
types of matrices.  
 
   is the equilibrium distance between two non-bonded atom or 
molecule. 
    The equilibrium distance may be defined as the separation gap between two 
atoms that requires maintaining the minimum potential energy between the non 
bonded pair. If any atom comes closer than the equilibrium distance, a huge repulsive 
force between them is induced. The underlying concept can be explained as due to the 
knowledge that every atom has a stable electron cloud and another atom cannot 
diffuse through this cloud. On the other hand if the atoms are located beyond the 
equilibrium distance, a cohesive force of attraction will be induced.  
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3.6.1 Cohesive Law for Graphene/Polymer Interface 
    This section discusses the case in which the radius effect of SWNT is 
neglected by investigating the interaction due to vdW between graphene sheet (i.e. an 
infinite plane of carbon atoms) and polymer. It is considered that the graphene is 
parallel to the polymer surface separated by a gap distance h as shown in Fig. 3.5. 
Both the graphene sheet and the matrix are allowed to move in the axial and radial 
directions. The radial and axial displacements are denoted by u and w, respectively.  
In order to establish a continuum cohesive law, Jiang, Huang et al. (2006) 
homogenized carbon atoms on the graphene and represent them by an area density    
where,    is related to the equilibrium bond length.  The number of carbon atoms over 
an area    on the graphene is     . Similarly, the volume density of polymer 
molecules is denoted by np, and the number of polymer molecules over a volume dV 
is     .   
 
Fig. 3.5: A schematic diagram of a graphene parallel to the surface of an infinite 
polymer subjected to the radial and sliding displacements  
       The distance between point (0, 0) on the graphene and any point (x, z) 
(        ) in the polymer (Fig.3.5a) is given by 
w 
d 
u 
Polymer 
Equilibrium  
Graphene 
Polymer 
Graphene 
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  √                                                      (    ) 
The energy due to the van der Waals force is given by V(d) in Eq. (3.47). For 
an infinitesimal area dA, the energy stored due to the van der Waals force is given by 
        ∫ ( )                ∫   
  
  
∫  ( )       
 
 
          (    )  
The cohesive energy per unit area,   can be written as 
        ∫   
  
  
∫  ( )   
 
 
                        (    ) 
which may reduce into 
        ∫   
  
  
∫   (
   
(     ) 
 
  
(     ) 
)   
 
 
          (    ) 
After integrating over the specified ranges, the cohesive energy due to vdW 
interaction may be written as 
   
  
 
      
 (
   
     
 
  
  
)                                          (    ) 
      The equilibrium distance between nanotube and matrix can be determined by 
minimizing the energy as follows 
  
  
     
  
 
      
 (
(  )     
     
  )                                       (    ) 
 
The equilibrium distance h in terms of δ is obtained from Eq. (3.53) as follows 
  (   
 
 )                                     (    )  
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      Therefore, (   
 
 )  is the equilibrium distance between the nanotube and 
matrix to maintain minimum potential energy. Similar to the case of two non bonded 
atoms, the two surfaces of nanotube and matrix cannot come closer than this 
equilibrium separation gap. The cohesive energy for any interface opening beyond 
equilibrium distance ( ) can be written as 
                                  
  
 
      
 [
   
   (   ) 
 
  
(   ) 
]                        (    ) 
       Equation (3.55) is obtained from Eq. (3.52) by simply replacing h with (h + 
O) where, O is the opening of the interface beyond equilibrium distance. If the 
graphene and polymer are placed beyond the equilibrium distance, i.e. for any 
positive value of O, a cohesive stress will develop at the interface. For the opening 
displacement (O) beyond the equilibrium distance h, the cohesive energy for sliding 
displacement (w) can be similarly obtained.  However, the expression for cohesive 
energy is independent of the sliding displacement (w) because sliding does not change 
the van der Waals force at the graphene/polymer interface. This leads to a vanishing 
of shear cohesive stress 
            
  
 𝑤
                                       (    ) 
The normal cohesive stress due to vdW interaction is obtained by 
differentiating the cohesive energy with respect to interface displacement beyond 
equilibrium distance (O) as follows  
          
  
  
        
 {
 
(   
 
  
 
 
)
  
   
(   
 
  
 
 
)
  }                                       (    )  
Features of cohesive law 
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1. Maximum cohesive stress,      
  
 
      
  
2. Critical separation,               [  (   )
 
  ]    
3. Total cohesive energy (area under               curve), 
       
  
 
√
 
 
      
  
 
3.6.2 Carbon Nanotube Polymer vdW Interaction  
      Modeling of CNT/polymer non-bonded interfaces has always been a challenge 
because difficulty arises in accounting for the van der Waals force.  In this section, a 
SWNT embedded into an infinite polymer is considered with the aim of examining 
the radius effect of CNTs. Let h denote the distance between the CNT and polymer 
surface as shown in Fig. 3.6. The cylindrical coordinates (x, θ, z) are used, where z 
denotes the longitudinal axis along the length of the CNT.  
      Without losing generalization, let us consider a point (a, 0, 0) on the perimeter 
of the CNT and a point (x, θ, z) in the polymer, where (     ) where a is the 
radius of CNT. The distance between these two points is d given by 
 
  √                                                          (    ) 
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Fig. 3.6: A schematic diagram of a carbon nanotube (CNT) in a polymer matrix 
       It is assumed that the carbon atoms are homogeneous in the CNT i.e., the 
distribution of atoms is uniform with an area density    (which may be slightly 
different from the area density of graphene due to the effect of CNT radius). In 
addition, the cohesive energy will be calculated only for SWNT because single layer 
rolled graphene sheet is considered as CNT. The volume density of polymer 
molecules is denoted by   . The energy due to the van der Waals force is given by 
Lennard- Jones Potential expressed in Eq. (3.47).  
      Consider a section of CNT and polymer of elemental length dz. The energy 
stored in this section due to van der Waals force is 
        ∫ ( )       
        ∫    ∫   
  
 
 
   
∫  ( )                                      (    )
 
  
 
          Note that the average area of nanotube    (  
 
 
)    (half of polymer surface 
  (   )   and nanotube      ) has been taken into consideration.  
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The cohesive energy per unit area,   can be written as 
  
      ∫    ∫   
  
 
 
   
∫   (
   
   
 
  
  
)   
 
  
(    )
                                 (    ) 
 
       Similar to graphene sheet, the cohesive energy for a CNT in an infinite 
polymer matrix is also independent of the sliding displacement (w) such that the shear 
cohesive stress vanishes. By using Eq. (3.55) and Eq. (3.60), the characteristics stored 
energy curves can be obtained for graphene and nanotubes as presented in Fig. 3.7. In 
the figure, the energy between CNT and the polymer due to vdW force has been 
normalized by the total stored energy obtained from the vdW interactions between 
graphene and the polymer (
 
      
). On the other hand, the interface distance between 
CNT and polymer surface is also normalized by the equilibrium distance (   )
 
   
between grapheme and polymer surfaces. Therefore,{  (
 
 
)
 
  
 
}  is the normalized 
interface opening; where, O is the opening of the interface beyond equilibrium 
distance. The slope of this characteristic curve represents the cohesive stress due to 
vdW interactions. The plots show that the effect of CNT radius on vdW’s energy is 
small and completely insignificant for relatively large opening. Therefore, the 
cohesive energy and cohesive stress due to vdW interaction can be approximated by 
Eqs. (3.55) and (3.57), respectively.  In Fig. 3.7, the negative slope (i.e. the slope at a 
normalized opening displacement less than 1 nm) is very steep which indicates that 
huge repulsive stress exists if the surface comes closer than the equilibrium distance. 
If the interface gap is greater than the equilibrium distance, a positive slope is 
obtained thereby indicating that cohesive stress exists between the CNT and polymer.  
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  Using Eq. (3.57), the variation of cohesive stress with interface opening 
beyond equilibrium distance can be obtained as presented in Fig. 3.8. It can be seen 
that the normal cohesive stresses increases until O reaches a critical opening distance 
(0.0541nm) from the equilibrium position and decreases with a further increase of 
opening displacement. The maximum value of normal cohesive stress due to van der 
Waals force is found to be 485 MPa at the critical separation gap. 
         
 
Fig. 3.7: The variation of normalized cohesive energy with the normalized 
displacement at the CNT/matrix interface 
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Fig. 3.8: Variation of cohesive stress due to vdW interaction with interface gap (O) 
It can be concluded that the influence of normal cohesive stress varies in a 
wide range and can be significant for CNT reinforced composites because interface 
opening can be usually less than an order of nanometer. Later, Huang et al. (2006) 
also proved that there is no difference in cohesive stress for waviness or roughness at 
the CNT/polymer interface. Therefore, the above stated cohesive law can be used to 
investigate the influence of vdW interaction in chemically non-bonded CNT/matrix 
interface. 
       
3.7 Conclusion      
       The major focus of this chapter is to categorize the types of interface and 
identifying their corresponding factors. Using the continuum theory, general 
equations of the polar coordinate system for both 2D plate element and 3D cylindrical 
element are formulated to obtain the analytical expressions for these factors. The 
radial stress due to Poisson’s ratio at the non-bonded nanotube/matrix interface is 
determined by using the derived equation for polar co-ordinates. The general 
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equations for 3D polar coordinate system will be further used in constructing the RVE 
base pull-out and shear-lag models in Chapters 4, 5 and 6. In addition, the cohesive 
stress and cohesive energy due to vdW interaction are presented in terms of the area 
density of carbon nanotube and volume density of polymer, as well as the parameters 
in the van der Waals force. The result shows that normal cohesive stress due to this 
interaction is significant and varies with the CNT/ polymer interface displacement. On 
the other hand, the shear cohesive stress is noted to be negligible and independent of 
the interface gap. These analytical expressions are useful to investigate chemically 
non-bonded CNTs in polymer matrix which will be discussed in the following 
chapters. It is to be noted that even though CNTs are generally not chemically bonded 
to polymer in the non-bonded interface, very small amount of chemical bonding may 
contribute to the interface strength, particularly the shear resistance against interface 
sliding. However, this effect will not be accounted in the case of chemically non-
bonded interface due to uncertainty of such type of chemical bonding and lack of 
experimental evidences. 
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CHAPTER 4                     
PULL-OUT MODEL FOR NANOCOMPOSITE 
 
4.1 Introduction 
As discussed in the previous chapters, carbon nanotubes have great potential 
as reinforcements of high strength and lightweight smart composites (Qian et al. 
2002; Desai and Haque 2005; Ashrafi and Hubert 2006) because of their unique 
mechanical properties. The notable factors that affect the performance of CNT based 
composites are the mechanical properties of nanotubes, their purity, CNT/polymer 
interface which includes type of interfacial bonding, interactions with host, dispersion 
and orientation of CNTs in the matrix. Similar to conventional composites, many 
research studies also suggested that the performance of CNT reinforced composites 
depends critically on the interfacial properties of the nanocomposite (Qian et al. 2000; 
Kin and Sean 2001; Liao and Li 2001; Qian 2003; Salehikhojin and Jalili 2008; 
Wang, Ciselli et al. 2008; Manoharan et al. 2009).  
Previous research studies suggested that the main contributing factors for 
interfacial load transfer between CNT and polymer are chemical bonding, mechanical 
interlocking (friction), electrostatic force and non-covalent bonding like vdW 
interactions (Haque and Ramasetty 2005; Jiang et al. 2006; Jiang et al. 2008). Among 
them, chemical bonding is most dominant factor at the interface. When chemical 
bonding is uniform over the length, other factors remains insignificant and the 
interface can be approximated as perfectly bonded interface. As an example, 
chemisorption to as little as 5.0% carbon atoms of the nanotube increases the shear 
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stress by about 1000% (Zheng et al. 2008). Though there is a huge difference in 
strength between nanotube and polymer matrix, chemical bonding may prevent 
slipping of the tube and ensure good load transfer in chemically bonded CNT/matrix 
interface. However, the stress transferring ability of CNT through non-bonded 
interface will be controlled by mechanical interlocking, thermal residual stress, 
Poisson’s contraction and van der Waals effect. It is also well known that surface to 
volume ratio (SVR) and aspect ratio (AR) of nanotubes are higher in magnitudes than 
those of traditional composites. So even if the chemical bonding is absent at the 
CNT/polymer interface, significant load transfer is expected through non bonded 
interface.  
Load transfer mechanism in conventional fiber reinforced composites has been 
studied by using pull-out model for many years (Li-Min et al. 1992; Seshadri and 
Saigal 2007). In addition, pull-out test are widely used to measure the interface 
characteristics such as coefficient of friction, thermal residual stress, different stress 
components, critical pull-out force, effective pull-out length, critical aspect ratio and 
volume fraction of the fiber. However, it is very difficult to examine experimental 
investigation for CNT pull out test from polymer matrix due to the challenges 
involved in griping, manipulation and stress, strain measurement. As preliminary 
study, analytical studies on pull-out test can solve the problem by considering all 
realistic factors involved at the different types of interface. Pull-out model on CNT 
reinforced composite have been conducted using molecular dynamic (MD) 
simulations by (Kin and Sean 2001; Frankland and Harik 2003). Though MD 
simulation is generally accepted to be more accurate, it is however highly time 
consuming and costly. Recently, some researchers have proposed various pull-out 
models for carbon nanotube reinforced composites using continuum mechanics 
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approach (Kin-tak 2003; Tan and Kin 2004; Gao and Li 2005; Natsuki et al. 2007). 
Another study carried out by Wagner (2002), the interfacial shear strength in polymer 
composites reinforced by SWNT has been estimated using a modified Kelly–Tyson 
approach which however assumes the interfacial shear stresses to be uniform all 
through the length. These models consider either the case of fully frictional bonded 
interface that are valid only for weak CNT/matrix interface or non-bonded interface 
without demonstrating the source of interface strength. In addition, most of the 
previous pull-out models are developed based on the stress free end condition. 
However, CNT embedded in polymer matrix having a perfectly bonded interface 
should experience equal matrix’s stress at the embedded end of CNT. A perfectly 
bonded CNT/matrix interface using RVE concept was considered by Gao and Li 
(2005). Their study was however on a shear lag model which assumes the CNT to be 
fully embedded within the matrix and is aimed at estimating the average stress 
components of the matrix and CNT. On the other hand, a pull-out test model is 
designed to estimate the critical pull-out force, the mechanism of stress transfer from 
CNT to matrix as well as the factors that influence the composite behavior. 
Surprisingly, no research study on CNT pull-out model has been reported in the 
literature for perfectly bonded interface.  
Perfectly bonded interface (chemical bonding) certainly improve interface 
properties as well as composite strength. However, chemical bonding of CNT with 
matrix may results in higher local stress intensity on CNT surface which leads to 
damage its geometric configuration (Lau 2003). In addition, chemical bonding is not 
only quite difficult to achieve but also expensive due to the fact that additional 
catalysts are needed to ensure chemical bonding perfectly all over the length. As the 
application of CNT possesses a wide range polymer matrix, sometimes, it may be a 
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requirement to be chemically non-bonded interface because the properties of CNT 
may change due to chemical bonding. 
In order to attain accurate understanding of stress transferring mechanism 
from nanotube to polymer matrix, this chapter highlights pull-out model for both 
chemically bonded and non-bonded CNT/matrix interface. Initially, the model is 
developed for perfectly bonded CNT/polymer interface in the elastic regime. 
Subsequently, the model is extended for imperfectly bonded CNT/polymer interface 
in which a part of the reinforced length will be perfectly bonded and the remaining 
part is considered as chemically non-bonded. The proposed model for imperfectly 
bonded interface is capable of investigating the stress transferring mechanism for any 
percentage of debonded CNT including completely debonded interface which 
corresponds to the non-bonded interface.  
 
4.2 Pull-out Model for Perfectly Bonded Interface 
            In this section, a pull-out model for carbon nanotube (CNT) reinforced 
composites is presented to obtain the interface characteristics in which perfect 
bonding at the interface as well as elastic behavior of nanotube is considered.  
4.2.1 Analytical Model 
In the model, a partially embedded single-walled carbon nanotube (SWNT) in 
a cylindrical polymer matrix is subjected to an axial load at the open end as shown in 
Fig. 4.1. A 3D cylindrical representative volume element (RVE) is selected from a 
cracked section of CNT reinforced composite shown in Fig. 4.1(a) to define the pull-
out model as shown in Fig. 4.1(b). The pull-out model comprises of a CNT of radius 
  partially embedded within a cylindrical matrix of radius  . The   and   coordinates 
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are assigned along the axial and radial directions of the CNT, respectively. The 
embedded length of CNT in the polymer matrix is denoted by   and   is the axial 
normal force applied at the open end of the CNT. To investigate the pull-out 
characteristics of the CNT, it is proposed that the CNT be replaced by an effective 
solid fiber having the same length and outer diameter as shown in Fig. 4.1(c). 
 
 
 
 
Fig.4.1: A schematic diagram of  CNT pull-out model;(a) Cracked section of carbon 
nanotube reinforced composite; (b) Partially embedded CNT in pull-out model; (c) 
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The modulus of the effective fiber    can be expressed in terms of elastic modulus of 
the nanotube    as follows (Thostenson, Ren et al. 2001; Gao and Li 2005; Ailin, 
Wang et al. 2010) 
   
   
   
   
      
  
                                                           
which is determined by setting the cross-sectional areas of the hollow CNT and solid 
fiber to be equal to each other. Here,   denotes the thickness of the nanotube.  
As described in Chapter 3, the governing equilibrium equations for the pull-
out problem in terms of polar coordinates ( , 𝜃,  ) may be written as 
𝑑𝜎𝑟𝑟
𝑑 
+
𝑑𝜏𝑟𝑧
𝑑 
+
𝜎𝑟𝑟−𝜎𝜃𝜃
 
 0                                                 
𝑑𝜎𝑧𝑧
𝑑 
+
 
 
𝑑  𝜏𝑟𝑧 
𝑑 
 0                                                             
where, 𝜎𝑧𝑧, 𝜎𝑟𝑟 ,  𝜎𝜃𝜃, 𝜏𝑟𝑧 are the axial, radial, hoop and shear stress components, 
respectively, 𝜀𝑟𝑟 ,𝜀𝑧𝑧, 𝜀𝜃𝜃, 𝛾𝑟𝑧  the corresponding strain components, respectively, and 
𝑤, 𝑢 the axial and radial displacements, respectively.  
Assuming that the material obeys Hooke’s law, the constitutive equations may 
be written as 
𝜀𝑧𝑧  
 
 
{𝜎𝑧𝑧  𝜈 𝜎𝑟𝑟 + 𝜎𝜃𝜃 }                                            3   
𝜀𝑟𝑟  
 
 
{𝜎𝑟𝑟  𝜈 𝜎𝑧𝑧 + 𝜎𝜃𝜃 }                                            3   
𝜀𝜃𝜃  
 
 
{𝜎𝜃𝜃  𝜈 𝜎𝑟𝑟 + 𝜎𝑧𝑧 }                                           3𝑐  
𝛾𝑟𝑧  
𝜏𝑟𝑧
𝐺
                                                               3𝑑  
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where  , 𝐺 and 𝜈 are the Young’s modulus, shear modulus and Poisson’s ratio, 
respectively.   
The strain-displacement relationships may be written as  
𝜀𝑟𝑟  
𝑑𝑢
𝑑 
                                                                      
 𝜀𝑧𝑧  
𝑑𝑤
𝑑 
                                                                      
𝜀𝜃𝜃  
𝑢
 
                                                                      𝑐  
𝛾𝑟𝑧  
𝑑𝑢
𝑑 
+
𝑑𝑤
𝑑 
                                                            𝑑  
It is to be noted that Eqs. (4.3), (4.4) and (4.5) are valid for both the effective solid 
fiber and matrix. The mechanical equilibrium equation at any section of the RVE can 
be written as 
 𝜋  𝜎  ∫ 𝜎𝑧𝑧
   𝜋  𝑑 
𝑎
0
+ ∫ 𝜎𝑧𝑧
𝑚  𝜋  𝑑 
𝑏
𝑎
                         5  
where 𝜎   /𝜋    denotes the average stress applied in the effective fiber at   0. 
Note that superscripts 𝑓 and 𝑚 refers to the effective fiber and matrix, respectively.  
The average axial stresses of CNT and matrix can be expressed as 
𝜎𝑧𝑧
  
 
  
∫ 𝜎𝑧𝑧
  𝑑 
𝑎
0
                                                          6   
𝜎𝑧𝑧
𝑚  
 
     
∫ 𝜎𝑧𝑧
𝑚 𝑑  
𝑏
𝑎
                                               6   
The boundary conditions of the pull-out model for perfectly bonded interface are 
𝜎𝑧𝑧
  0  𝜎,   ?̅?𝑧𝑧
     𝜎𝑧𝑧
𝑚    , 𝜏𝑟𝑧
     𝜏𝑖,    𝜏𝑟𝑧
𝑚    0,  ?̅?𝑟𝑟  
𝑚     0,  
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𝜀𝑧
     𝜀𝑧
𝑚   , 𝑤𝑧
     𝑤𝑧
𝑚                                      7  𝑔  
where 𝜏𝑖 is the interfacial shear stress. 
 Upon integrating Eq. (4.2b) with respect to   from 0 to   and applying the 
boundary conditions given in Eq. (4.7c) for the effective fiber, we obtain 
𝑑𝜎𝑧𝑧
 
𝑑 
  
 
 
𝜏𝑖                                                   8  
Since the matrix shear stress (𝜏𝑟𝑧
𝑚) has to be compatible with interfacial shear 
stress (𝜏𝑖) and the fact that the outer surface of matrix cylinder is stress free, 𝜏𝑟𝑧
𝑚  at any 
radial distance r can be derived by integrating Eq.(4.2b) to give 
                               𝜏𝑟𝑧
𝑚  
 
     
       
 
𝜏𝑖                                                       9  
As 
𝑑𝑢
𝑑𝑧
≪
𝑑𝑤
𝑑𝑟
, we can assume  
𝑑𝑢
𝑑𝑧
+
𝑑𝑤
𝑑𝑟
≡
𝑑𝑤
𝑑𝑟
 . Therefore, Eq. (4.4d) may be rewritten as 
𝛾 𝑟𝑧  
𝑑𝑤
𝑑 
                                                        0  
In view of Eq. (4.10), Eq. (4.3d) for both the fiber and matrix and using the 
relationship between shear and elastic modulus, shear stress for fiber and matrix may  
be rewritten as 
𝜏𝑟𝑧
  
  
 + 𝜈 
𝑑𝑤 
𝑑 
                                          
 𝜏𝑟𝑧
𝑚  
 𝑚
 + 𝜈𝑚
𝑑𝑤𝑚
𝑑 
                                        
By substituting Eq. (4.11b) into Eq. (4.9), we obtain 
 𝑚
 + 𝜈𝑚
𝑑𝑤𝑚
𝑑 
 
𝛾
 
       
 
𝜏𝑖                                                   
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where   𝛾  
  
     
                                                3  
By integrating Eq. (4.12) over a to b, we obtain 
𝜏𝑖  
 
𝛾
 𝑚 𝑤𝑏
𝑚  𝑤𝑎
𝑚 
  + 𝜈𝑚 (  𝑙𝑛
 
   
  𝛾⁄ )
                                                          
Finally, by substituting Eq. (4.14) into Eq. (4.12) and integrating over a to b, we 
obtain 
𝑤𝑚  ,    𝑤𝑎
𝑚 +
(  𝑙𝑛
 
    
      ⁄ )  𝑤𝑏
𝑚  𝑤𝑎
𝑚 
(  𝑙𝑛
 
   
  𝛾⁄ )
                                        5  
In view that the axial stress is the predominant stress component, we assume 
that 𝜎𝑟𝑟 + 𝜎𝜃𝜃 ≪ 𝜎𝑧𝑧. Equation (3a) may therefore be rewritten as 
𝜎𝑧𝑧
    
𝑑𝑤 
𝑑 
                                           6   
𝜎𝑧𝑧
𝑚   𝑚
𝑑𝑤𝑚
𝑑 
                                         6   
Equation (16b) in view of Eq. (4.15) becomes 
𝜎𝑧𝑧
𝑚  ,    𝜎𝑧𝑧
𝑚  ,   
+
{  𝑙𝑛
 
    
     / } {𝜎𝑧𝑧
𝑚  ,    𝜎𝑧𝑧
𝑚  ,   }
{  𝑙𝑛
 
   
  𝛾⁄ }
                             7  
Upon substituting Eq. (4.17) into Eq. (4.5) and after rearranging, we obtain 
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𝜎𝑧𝑧
𝑚  ,    
𝜎 𝛾 ?̅?𝑧𝑧
  𝜎 
𝛽
+    
 
𝛽
 𝜎𝑧𝑧
𝑚  ,                                                 8  
 
where     𝛽  
    + 𝛾 𝑙𝑛
 
   3 
      ⁄
(  𝑙𝑛
 
   
  𝛾⁄ )
                                                  9  
Now, by substituting Eq. (4.14) into Eq. (4.8), we obtain 
 𝑑𝜎𝑧𝑧
 
𝑑 
  
 
𝛾
 𝑚 𝑤𝑏
𝑚  𝑤𝑎
𝑚 
  + 𝜈𝑚 (  𝑙𝑛
 
   
  𝛾⁄ )
                                                  0   
By differentiating Eq. (4.20) with respect to z and making use of  𝜎𝑧𝑧
𝑚  ,    given in 
Eq. (4.18), we obtain the following second order differential equation 
𝑑 𝜎𝑧𝑧
 
𝑑  
  
 
𝛾  + 𝜈𝑚 
𝜎 𝜎𝑧𝑧
 
𝛽  
𝜎𝑧𝑧
𝑚  ,   
𝛾𝛽
(  𝑙𝑛
 
   
  𝛾⁄ )
                                                           
As it is assumed that there is perfect bonding at the interface, i.e.  𝜀𝑧
     𝜀𝑧
𝑚   , the 
stress strain relationship given in Eq. (4.3a) reduces to 
𝜎𝑧𝑧
𝑚  ,    𝛼𝜎𝑧𝑧
                                                                   
where  𝛼   𝑚    ⁄                                                              3    
Now, by substituting 𝜎𝑧𝑧
𝑚  ,   from Eq. (4.22) and 𝛽 from Eq. (4.19) into Eq. (4.21) 
and after rearranging, we obtain 
𝑑 𝜎𝑧𝑧
 
𝑑  
  
 
  𝛾   + 𝜈𝑚 
𝛾𝜎   𝛼 + 𝛾 ?̅?𝑧𝑧
 
(
 
 )
4
𝑙𝑛
 
   3 
        𝛾⁄
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which may be simplified and written as 
𝑑 𝜎𝑧𝑧
 
𝑑  
 𝐶1?̅?𝑧𝑧 
 + 𝐶1
𝛾
𝛼 + 𝛾
𝜎  0                                                           5  
where 
  𝐶1  
 
  𝛾   + 𝜈𝑚 
[
𝛼 + 𝛾
(
 
 )
4
𝑙𝑛
 
   3 
        𝛾⁄
]                           6  
By using the boundary conditions given in Eq. (7), the analytical solution for the 
average axial stress of CNT may be expressed as 
𝜎𝑧𝑧 
  [
 𝑅  𝛼𝑆 𝑒𝑥𝑝 𝑝   (𝑅  
𝛼
𝑆) 𝑒𝑥𝑝
  𝑝  
𝑞
+ 𝛾]
𝜎
𝛼 + 𝛾
                               7  
The solution for the interfacial shear stress can be obtained by using Eq. (4.8) and Eq. 
(4.24) and written as 
𝜏𝑖  [ 𝑅  𝛼𝑆 𝑒𝑥𝑝 𝑝  + (𝑅  
𝛼
𝑆
) 𝑒𝑥𝑝  𝑝  ]
 𝑝𝜎
 𝑞 𝛼 + 𝛾 
                            8  
  where        𝑝  𝑐1
1  ⁄                                                                     9  
𝑞   𝑠𝑖𝑛 ℎ 𝑝                                                          30  
𝑅  𝛾  𝛼 + 𝛾  𝛾                                                   3   
𝑆  𝑒𝑥𝑝  𝑝                                                             3   
 
4.2.2 Results & Discussion 
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To examine the derived analytical formulae, results are presented and 
compared with available results in the literature. Various values of four key 
parameters, namely the aspect ratio ( 𝑅   /  ), radius ratio (  ⁄ ), and modulus 
ratio ( 𝑚   ⁄ ), are considered to examine the influence of these parameters on the 
axial and interfacial stresses developed in the CNT. In addition, critical values of 
embedded length and  𝑚   ⁄  ratio are estimated based on the maximum shear stress 
developed just before debonding occurs at the interface. Available experimental data 
for various parameters that are used in the computations of the analytical results here 
are given in Table 4.1. 
Table 4.1: Values of the different parameters for perfectly bonded pull-out model§ 
 
 
 
    
 
 
 
§ Flora and Peters (1989); Gao and Li (2005); Zhao and Shi (2011) 
Influence of aspect ratio, AR (L/2a) 
Figures 4.2a and 4.2b show the average axial and interfacial shear stress 
distributions, respectively along the length for different   𝑅. Both the axial and 
interfacial shear stress distribution trends are quite similar to the recent friction-based 
pull-out model proposed by (Tan and Kin 2004). It can be seen from Fig. 4.2a that the 
axial stress decreases towards the end for all  𝑅. The result also shows that larger 
Parameter Value 
     566 𝑛𝑁 
    𝑛𝑚   𝑛𝑚   0−9𝑚  
     𝑛𝑚 
  80𝑛𝑚 
 𝑚  0𝐺𝑝      
   560 𝐺𝑃  
𝜈  0  8 
𝜈𝑚 0 3  
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stress saturation zone has been found for higher AR. In contrast, the stress 
distributions are linear for smaller  𝑅. This happens because applied stress can be 
distributed over larger surface area as well as longer length for higher  𝑅. It can be 
seen from Fig. 4.2b that the shear stress is maximum at z=0. It gradually decreases 
and reaches the lowest value near the middle of the length. It then gradually increases 
towards the end. As the uniform stress is applied at z=0, it is to be expected that the 
interfacial shear stress developed will be maximum at the same location.  
It is interesting to note that AR dependency in pull-out problem is 
comparatively higher when the value of AR is smaller. As the tip of the embedded 
CNT is assumed to be perfectly bonded with the matrix, it is expected that the 
interfacial shear stress will also show another peak at the tip, i.e. at z = L.  Figure 4.2b 
also shows that the interfacial shear stress tends to be smaller for higher  𝑅. This 
happens because a higher  𝑅 indicates a relatively longer length for a given diameter. 
Consequently, the shear stress can be distributed over a longer embedded length, 
thereby resulting in smaller shear stress distribution. 
 
Fig. 4.2a: Average axial stress of CNT for different aspect ratio (AR) 
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Fig. 4.2b: Interfacial shear stress of CNT for different Aspect Ratio   𝑅  
It is interesting to note that all the curves in Fig. 4.2b coincide at 
approximately 55% of the embedded length. The minimum value of shear stress for 
all distributions is also noted to occur at the same aforementioned point. 
Influence of radius ratio, b/a 
Figures 4.3a and 4.3b show the axial and interfacial shear stress distributions 
along the length for different radius ratios (  ⁄ ). Note that the radius ratio represents 
different RVE size as well as volume fraction of CNT in the composite. Figure 4.3a 
shows that higher axial stress is found for smaller RVE size (smaller   ⁄ ). This is to 
be expected since for a smaller RVE, a bigger proportion of the applied axial stress is 
to be carried by the CNT.  It is also found that the stress distribution is approximately 
the same for about 10% of the length measured from the open end. The stress 
distributions deviate significantly from each other in the vicinity of the middle of the 
embedded length for different     ⁄  ratios. Figure 4.3b shows that the interfacial 
shear stress is close to zero near the middle and rises to large values at the open end 
and the extreme embedded end. It is also observed that the interfacial shear stress is 
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generally smaller at the extreme embedded end compared to the open end, except 
when the     ⁄  ratio is small. This observation is similar to the results obtained by Li 
et. al. (1992) for fiber reinforced composite. It is to be noted that very large interfacial 
shear stress is observed at the end of chemically bonded region for smaller b/a ratio. 
For example  b/a=4, maximum shear stress =120 MPa at z=L which is not impractical 
as Namilae and Chandra (2005) predicted that interfacial shear stress as high as 5 GPa 
can be achieved by chemically bonded interface.   
 
Fig. 4.3a: Average axial stress of CNT for different RVE size     ⁄  
 
Fig. 4.3b: Interfacial shear stress of CNT for different RVE size     ⁄  
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Influence of Young’s modulus ration,  𝑚   ⁄  
Figures 4.4a and 4.4b show the average axial and interfacial shear stress 
distributions, respectively, for different Young’s modulus ratios ( 𝑚   ⁄ ) i.e. relative 
matrix strength. Figure 4.4a shows that the axial stress distributions of CNT for 
different modulus ratios are virtually the same for the initial portion of the embedded 
CNT. They deviate appreciably from each other only after approximately 15% of the 
embedded length. For weaker matrix, i.e. smaller modulus ratios, the axial stress 
distribution is higher as compared to stronger matrix, thereby indicating that the 
proportion of axial stress carried by CNT decreases as the matrix gets stronger. In 
contrast, the interfacial shear stress is noted to be virtually zero over most part of the 
CNT except near the ends with the open end achieving a much larger value than the 
other end. Interestingly, the interfacial shear stress is noted to be much larger for 
higher modulus ratios at the open end but the opposite happens at the extreme 
embedded end. These observations show that when the matrix is stronger, the stress 
transfer from CNT to matrix is higher near the open end.  
 
Fig. 4.4a: Average axial stress of CNT for different modulus ratio ( 𝑚   ⁄ ) 
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Fig. 4.4b: Interfacial shear stress of CNT for different modulus ratio ( 𝑚   ⁄ ) 
Critical pull-out stress 
      The current study as well as several previous studies (Li-Min, Jang-Kyo et al. 
1992; Xiao and Liao 2004; Natsuki, Wang et al. 2007) show that the maximum 
interfacial shear stress for the pull-out problem is found at the open end, i.e. at z=0. 
Thus, it is expected that debonding between the CNT and the matrix will occur at the 
open end. By rearranging Eq. (4.27), the critical pull-out stress (𝜎𝑐𝑟) defined as the 
maximum pull-out force per unit cross-sectional area of CNT at impending debonding 
can be determined as a function of the allowable interfacial shear stress as follows 
𝜎𝑐𝑟  
  𝛼 + 𝛾 
 𝑝  𝑅  𝛼𝑆  𝛼/𝑆 
𝜏𝑚𝑎                                             33  
The allowable interfacial shear stress is dependent on the nature of the matrix. 
Manoharan et. el. (2009) has measured this value for CNT reinforced epoxy 
composite experimentally using a scanning electron microscope to be nearly 200 
MPa. Liao and Li (2001) have determined the maximum interfacial shear stress to be 
about 160 MPa through molecular dynamic simulation on the pull-out problem of a 
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nanotube/polymer system. Knowing the maximum interfacial shear stress (𝜏𝑚𝑎 ) and 
other physical and mechanical properties of composite, the critical pull-out 
stress  𝜎𝑐𝑟  can be determined using Eq. (4.33). 
      Based on Eq. (4.33), the critical pull-out stress  𝜎𝑐𝑟  may be determined for 
any embedded length of CNT. Figure 4.5 shows the variation of the critical pull-out 
stress with the embedded length for the case of an epoxy matrix where the allowable 
interfacial shear stress is taken to be 200 MPa. It can be seen from the curve shown in 
Figure 4.6 that 𝜎𝑐𝑟 increases gradually with increasing embedded length up to 20nm 
and thereafter stays virtually constant. Hence, it is interesting to note that any increase 
in the embedded length beyond a critical embedded length is unable to prevent 
debonding at the open end in view that the shear stress induced has already reached 
the allowable interfacial stress value. Thus, for the case examined here, the critical 
embedded length is estimated to be approximately 20 nm. 
      Figure 4.6 shows the variation of critical pull-out stress (𝜎𝑐𝑟  with the 
CNT/matrix modulus ratio   𝑚    ⁄ . It can be seen that the 𝜎𝑐𝑟 decreases as the 
modulus ratio increases which agrees with the friction based model for fiber 
reinforced model proposed by Chiang (2001). This happens because a higher  𝑚   ⁄  
represents a stronger matrix. As explained previously, a stronger matrix would result 
in a larger shear stress at the open end as well as a smaller axial stress induced in the 
CNT. Consequently, the critical pull-out stress is expected to decrease. Figure 4.6 also 
shows the critical pull-out stress decreases sharply for small  𝑚   ⁄  ratios. 
For  𝑚   ⁄ > 0.1, 𝜎𝑐𝑟 remains almost constant. Similar to the explanation given with 
regards to the critical embedded length, there is thus a critical value of the modulus 
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ratio beyond which there is no influence on the 𝜎𝑐𝑟. For the case discussed, the critical 
modulus ratio may be taken to be 0.1. 
 
Fig. 4.5 Variation of critical pull-out stress  𝜎𝑐𝑟  with embedded length ( ) 
 
 
Fig. 4.6: Variation of critical pull-out stress  𝜎𝑐𝑟  with modulus ratio ( 𝑚   ⁄ ) 
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4.3 Pull-out Model for Imperfectly Bonded Interface  
     In fiber pull-out problem, a portion near the crack tip of the embedded fiber is 
generally debonded due to generation large interfacial shear stress at the tip. The 
result presented for perfectly bonded interface also shows that maximum interfacial 
shear stress is developed near crack tip. Hence, it is expected that nanotube which is 
much stronger than conventional fiber experience debonding at the crack tip. 
Therefore, it is worthwhile to investigate debonded interface near the crack tip and 
perfectly bonded interface in the remaining part of the embedded nanotube. In order 
to serve the purpose of applying nanotube as reinforcement in wide range of polymer 
composite, the model is expected to provide the solution for any percentage of 
debonded length which includes completely debonded interface as well. 
     In the debond region, stress transfer of nanotube is determined by the 
combined effect of mechanical interlocking (Coulomb Friction), Poison’s contraction, 
initial shrinkage stress due to differential thermal contraction and van der Waals 
(vdW) interactions as well as electrostatic energy. Research studies suggested that 
cohesive energy caused by vdW interaction contributes more significantly in three 
higher orders of magnitude than electrostatic energy (Gou, Liang et al. 2005). So, in 
this study the influence of electrostatic interaction is neglected.  
Since, nanotube and matrix are considered as chemically non-bonded at the 
debond region, there must be adhesive vdW force which is generally presented in the 
form of Lennard–Jones potential. The normal cohesive stress caused by this potential 
make the modeling of interface region more challenging and also interesting. In order 
to solve this complexity, this study calculates the relative radial displacement between 
CNT/matrix in the interface region. In perfectly bonded region, stress transferring 
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ability of nanotube still depends on the mechanical and geometrical properties of the 
constituents as described in the previous section. 
4.3.1. Extended Pull-out Model 
          To study the interfacial characteristics of CNT reinforced polymer composites, 
a schematic diagram of the CNT pull-out model is shown in Fig. 4.7. In the figure, a 
cracked section of nanotube reinforced composite is presented in Fig. 4.7(a) which 
shows the interface crack progressing along the length. A 3D representative volume 
element is taken to define the proposed extended model as shown in Fig. 4.7(b). The 
debonded CNT/matrix interface is presented in Fig. 4.7(c) to present the mechanical 
interlocking and van der Waals interaction. As described in previous section, similar 
to the model for perfectly bonded interface, the model contains a single walled carbon 
nanotube (SWCNT) of radius a, and the outer radius of the cylindrical matrix is b. L is 
the total embedded length of CNT with a debond length l from the free end. Thus, the 
remaining portion of embedded CNT of length (L-l) is perfectly bonded with polymer. 
The z and r coordinates are assigned along the length and radial direction of the CNT 
respectively. The boundary conditions of the problems are  
𝜀𝑧 𝑎,𝑧 
  𝜀𝑧 𝑎,𝑧 
𝑚 ;   𝜀𝜃𝜃
  𝜀𝜃𝜃 
𝑚 ;   𝜎𝑧𝑧
     𝜎𝑧𝑧
𝑚    ;   
 ?̅?𝑧𝑧
  𝑙  𝜎𝑙
 ;   𝜏𝑟𝑧
     𝜏𝑖;   𝜏𝑟𝑧
𝑚    0;  ?̅?𝑟𝑟  
𝑚     0; 
𝜎𝑟𝑟 𝑎 
𝑚  𝜎𝑟𝑟 𝑎 
 ;   𝑢𝑟 𝑎 
𝑚  𝑢𝑟 𝑎 
 ;  𝜎𝑧𝑧
  0  𝜎;  𝜏𝑟𝑧
     𝜏𝑖             33  𝑘  
where 𝜎𝑙
 
is the axial stress of CNT at z =l. 
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Fig. 4.7: A schematic diagram of the extended pull-out model for imperfectly bonded 
interface 
 4.3.2 Solution for Debonded Region         
As stated earlier, the stress transferring ability in the debonded interface is 
controlled by mechanical interlocking, thermal mismatch, Poisson’s contraction and 
van der Waals interactions. The interfacial shear stress at the non-bonded interface is 
function of these factors which are discussed as follows 
𝜏𝑖    𝑞0 𝑞1 + 𝑞                                                                          3   
where   is the coefficient of friction at the nanotube matrix interface to represent the 
mechanical interlocking at the debonded CNT/matrix interface. 
 𝑞0, 𝑞1and 𝑞  are the residual stress due to differential thermal contraction, the 
radial stress due to Poisson’s contraction and the cohesive stress caused by vdW 
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interaction acting as pressure normal to the CNT surface at the non-bonded interface, 
respectively.  
Thermal residual stress (q0) 
This radial (compressive) stress  𝑞0  is caused by the matrix shrinkage due to 
differential thermal contraction of the constituents upon cooling from the processing 
temperature. This residual stress acts as a uniform pressure over the entire interface, 
which can be estimated directly through experimental investigation. As approximated 
by Budiansky, Hutchinson et al. (1986) for fiber reinforced composites, this radial 
stress can also be determined by using the experimental value of temperature change, 
thermal contraction, volume fraction, Poisson’s ratio and Young’s modulus of the 
constituents. Their derived expression presented in Section 3.5 of Chapter 3 can be 
used to determine the thermal residual stress generated at the debonded interface. 
 
 
Radial stress due to differential Poisson’s ratio (q1) 
In general, an additional radial stress is produced at the interface due to 
Poisson’s contraction of the CNT and matrix when an axial tensile stress is applied at 
the remote end of the RVE. When the fiber has a smaller Poisson’s ratio than matrix 
(the normal case for most composites), there is a compressive radial stress at the 
interface acting normal to the fiber. The detail derivation of radial stress due to 
Poisson’s contraction has been presented in Chapter 3. The radial compressive stress 
caused by this contraction, 𝑞1 has been derived as follows 
 𝑞1  
𝛼𝜈  𝜎𝑧𝑧 
   ,    𝜈𝑚 𝜎𝑧𝑧 
𝑚   ,   
𝛼(  𝜈  ) +  + 𝜈𝑚 +  𝛾
                           35  
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van der Waals interaction 
The vdW interactions between two non-bonded atoms is usually represented 
by the Lennard–Jones potential      as follows 
       (
 1 
𝑑1 
 
  
𝑑 
)                                                              36  
where d is the distance between non-bonded pair of atoms or molecules; δ the 
characteristics bond length between CNT and -CH2- units of the polymer; √ δ is the 
equilibrium distance between the atoms; and   the bond energy at the equilibrium 
distance.   
One of the major challenges of this study is to employ the van der Waal 
interaction in this continuum based approach. The major difficulty arises in 
calculating each atom interaction because the model typically involves billions of 
atoms. To meet this challenge, instead of considering individual atom’s interaction, 
this study simplifies the computation by considering the number of atoms per unit 
surface area of CNT and number of molecules per unit volume of polymer.  
The model that has been proposed CNT/polymer interface in Chapter 3 can 
still be used to determine the cohesive stress due to vdW interaction as shown in Fig. 
4.8. The comprehensive derivation to estimate the cohesive stress caused by vdW 
interaction has been presented in Chapter 3. For convenience with the proposed 
shear-lag model, the derived formulas and terms are recalled briefly in this section. In 
the model, an infinite polymer is considered where h is the equilibrium distance of the 
matrix with respect to CNT and  𝑖 the average interface opening gap beyond 
equilibrium distance that causes cohesive stress. Therefore, the cohesive energy 
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stored in an area dA embedded in a polymer volume dV due to the van der Waals 
interaction can be written as 
 𝑑  𝑛𝑐𝑑 ∫    𝑛 𝑑                                  (4.37) 
where 𝑛  , 𝑛𝑐 are the number of polymer atoms per unit volume and number of atoms 
per unit area of nanotube, respectively. By substituting Eq. (4.36) into Eq. (4.37), and 
then integrating over the entire volume, the total cohesive energy can be obtained as 
follows 
   
 𝜋
3
𝑛𝑐𝑛   
 (
  9
 5  ℎ +  𝑖 9
 
  
 ℎ +  𝑖  
)                                                    38  
  Now, differentiating the above expression with respect to 𝑖, we obtain the 
normal cohesive stress due to van der Waals interactions as follows 
𝑞  
𝑑 
𝑑 𝑖
  𝜋𝑛 𝑛𝑐  
 
{
 
(0  
1
 +
 𝑖
 )
4  
0  
(0  
1
 +
 𝑖
 
)
10}
                                39  
where 0  
 
   is the equilibrium distance between the CNT and polymer 
surface. 
 
Fig. 4.8: Model to determine cohesive stress by vdW interaction  
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Substituting 𝑞1 and 𝑞  from Eq. (5.35) and Eq. (4.39) respectively into Eq. 
(4.34) leads to 
𝜏𝑖   
(
 
 
𝑞0  
𝛼𝜈  𝜎𝑧𝑧 
   ,    𝜈𝑚 𝜎𝑧𝑧 
𝑚   ,   
𝛼(  𝜈  ) +  + 𝜈𝑚 +  𝛾
+  𝜋𝑛 𝑛𝑐  
 
{
 
(0  
1
 +
 𝑖
 )
4  
0  
(0  
1
 +
 𝑖
 
)
10}
)
 
 
                         0  
    
Substituting Eq. (4.40) in Eq. (4.7), then using Eq. (4.5), the governing 
differential equation may be obtained as 
 
 𝑑𝜎𝑧𝑧 
 
𝑑 
 
  𝑘
 
𝜎𝑧𝑧 
 
 
  𝑘
 [
  
𝑞 
𝑘
 
𝛾𝜈𝑚 𝜎
𝛼   + 𝛾 𝑚
+
 𝜋𝑛 𝑛𝑐  
 
𝑘 {
 
(0  
1
 +
 𝑖
 )
4  
0  
(0  
1
 +
 𝑖
 
)
10}]
                                 
where    
𝑘  
𝛼   + 𝛾 𝑚
𝛼(    ) +  +  𝑚 +  𝛾
                                                   
      The governing differential equation together with the boundary conditions 
given in Eq. (4.41) can now be solved. The solution of the differential equation in the 
embedded region (0   𝑙) leads to the average axial stress of CNT in debond 
region as follows, 
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𝜎𝑧𝑧 
  𝜎  [
  
 
+ 
        
 
 {
1
(0 4
 
  
  
 
)
  
0 4
(0 4
 
  
  
 
)
  }
  
     
       
] 𝑒𝑥𝑝 
    
         (4.43) 
       Upon differentiating Eq. (4.16) with respect to z and substituting its derivative 
into Eq. (4.7), we obtain interfacial shear stress as follows,    
𝜏𝑖   𝑘 [
  
 
+
        
 
 {
1
(0 4
 
  
  
 
)
  
0 4
(0 4
 
  
  
 
)
  }
 
     
       
] 𝑒𝑥𝑝 
    
                          
4.3.3 Solution for Perfectly Bonded Region         
 The governing differential equation for perfectly bonded interface has already 
been derived in Eq. (4.25) which may be recalled as  
𝑑 𝜎𝑧𝑧
 
𝑑  
 𝐶1𝜎𝑧𝑧 
 + 𝐶1
𝛾
𝛼 + 𝛾
𝜎  0                                                                    5  
This governing differential equation can be solved by using boundary 
conditions given in Eq. (4.33a-k) and hence average axial stress of CNT in perfectly 
bonded region is obtained as   
𝜎𝑧𝑧
  [  {
(
1− 
1  
) 𝑠𝑖𝑛ℎ (√𝐶1   𝑙 ) +
(  
     
  
𝜎𝑙
 ) 𝑠𝑖𝑛ℎ (√𝐶1     )
} 𝑠𝑖𝑛ℎ (√𝐶1   𝑙 )⁄ ]
  
   
         6   
Interfacial shear stress can be obtained by using Eq. (4.7) and Eq. (4.46) as  
𝜏𝑖  
{
 
 (
  𝛼
 + 𝛾
) 𝑐𝑜𝑠ℎ (√𝐶1   𝑙 )  
(  
 𝛼 + 𝛾 
𝛾𝜎
𝜎𝑙
 ) 𝑐𝑜𝑠ℎ (√𝐶1     )}
 
 
 𝛾√𝐶1
  𝛼 + 𝛾 𝑠𝑖𝑛ℎ (√𝐶1   𝑙 )
𝜎       7  
 
Chapter 4                                                                            Pull-Out Model for Nanocomposite              
 
 
 
92 
 
4.3.4 Analytical Results and Discussions 
       In perfectly bonded region, stress transferring of CNT is related to the 
mechanical and geometric properties of the constituents and applied pull-out load. 
However, in debond region, stress transferring ability of CNT is determined by the 
coefficient of friction, thermal residual stress and Poisson’s contraction and the 
cohesive stress due to van der Waals force. At this region, both fiber residual stress 
and cohesive stress due to vdW force also acts as pressure normal to CNT. However, 
the cohesive stress by vdW interaction changes over the length because this stress is a 
function of interface opening beyond the equilibrium distance, (Oi). This interface gap 
also changes from its initial position according to the relative radial displacement of 
CNT and polymer matrix. This can be explained as with the application of stress on 
the nanocomposite, the CNT and matrix will be displaced in both the axial and radial 
directions according to their mechanical properties and geometry configuration. The 
relative radial displacement of CNT and matrix changes the interfacial opening which 
also varies the normal cohesive stress. Therefore, the problem becomes complicated 
because both the axial stress components and cohesive stress are interrelated. In order 
to solve the problem, an iterative approach (as presented in Fig. 4.8a) is used to obtain 
the stress components accurately. As the model is symmetric with respect to its 
geometry, it is to be noted that the radial displacement is same along the 
circumference of the tube at a certain value of z.   
Available experimental data that has been used to obtain analytical results 
from the derived solution are given in Table 4.2. The derived analytical solutions are 
valid to determine both axial and interfacial shear stress distributions for any 
percentage of debonded length from the crack tip. In order to compare the current 
result with existing pull-out model for CNT reinforced composite (Xiao and Liao 
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2004; Natsuki et al. 2007),  the model is simplified to partially debonded to 
completely debonded interface, i.e. the case l=L is considered. The influence of van 
der Waals interaction along the length of embedded CNT in the case of completely 
debonded interface is also investigated. Parametric studies for key composite factors 
are conducted in which 20% debond length is considered in all cases. 
Table 4.2: Values of the different parameters for imperfectly bonded pull-out model§ 
 
 
 
 
 
 
 
 
 
 
 
 
§ Flora and Peters (1989); Jiang et al.( 2004); Gao and Li (2005); Zhang et al. 
(2006);Jiang et al. (2006); Salehikhojin and Jalili (2008);  Zhao and Shi (2011) 
 
 
 
 
 
 
Parameter Value 
    5 6 𝑛𝑁 
A   0 𝑛𝑚   
B 12 nm 
  50 𝑛𝑚 
 𝑚  5 𝐺𝑝      
    000 𝐺𝑃    
𝜈  0  8  
𝜈𝑚 0 3    
  0 38 5 𝑛𝑚   
  0  8  
𝛥𝑇  50°𝐶 
𝑛  3  ×  0
 8 /𝑚     
𝑛𝑐 3 8 ×  0
19 /𝑚   
 𝑖 0.25 
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Fig. 4.8a: Flow chart to compute the stress components 
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Comparison with previous study 
 Fig. 4.9a shows the average axial stress of CNT along the embedded length of 
the CNT. It can be seen that the maximum axial stress occurs at z = 0 and then 
gradually decreases towards the end. The figure shows that the current prediction is 
close to the earlier work done by Toshiaki et al. (2007) but a bit deviation from the 
work done by Xiao and Liao (2003). The current study predicts higher axial stress 
distribution over the full length of the embedded fiber than the past studies. This may 
happen because current study accounts vdW’s interaction in full order in which each 
atoms or molecules are taken into consideration. On the other hand, the other two 
studies account for vdW as linear equation. In addition, they also used boundary 
conditions in such a way that their model becomes independent of thermal residual 
stress though they assumed residual effect in their modeling assumption. However, in 
friction based model, there must be an effect if thermal coefficients of fiber and 
matrix are not equal at the same temperature.  
 Fig. 4.9b shows the comparison of interfacial shear stress distribution along 
the normalized embedded length (z/L) of the CNT with the previous models. As can 
be seen from the figure, the shear stress gradually increases towards the end. It is 
interesting to note that the pull-out model for perfectly bonded interface shows that 
the maximum interfacial shear stress is found at z=0 but for debonded interface 
minimum shear stress is found at the debonded crack tip (z=0) for all three models. 
The interfacial shear stress distribution also shows that the prediction of the current 
model is close to the previous model proposed by Toshiaki et al. (2007). The figure 
also shows that the interfacial shear stress of both models coincides nearly at a 
distance 60% of the embedded fiber.  
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Fig. 4.9a: Comparison of average axial stress distribution of CNT  
 
 
Fig. 4.9b: Comparison of interfacial shear stress distribution of CNT 
 
Contribution of vdW interaction 
Before presenting the contribution of the vdW interaction along the debonded 
interface of the proposed pull-out model, the cohesive energy produced by vdW force 
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found that 0.24eV adhesive energy was produced mainly due to van der Waals force 
and a small amount from electrostatic force for 2 nm long and 1.334 nm diameter 
CNT fully surrounded by 80 molecule polystyrene polymer. Using the same 
geometric data in Eq. (4.38), of the current study shows that the total cohesive energy 
by vdW interaction is 0.25eV, which is very close to the value obtained by Liao and 
Li (2001). The small difference in results may be attributed to the fact that the current 
model considers the CNT in an infinite polymer where Lian and Li’s study considers 
a finite length of CNT and a limited number of polymer molecules. Note that the vdW 
interaction between neighbor atoms is much larger than that between the non-bonded 
atoms located at longer distance. 
      Figure 4.10 shows the variation of normal cohesive stress due to van der Waals 
interaction over the length of the embedded CNT. The result shows that this normal 
stress due to vdW interaction gradually increases towards the embedded end of the 
CNT. This may be explained as with the application of load on the open end of the 
CNT, both CNT and matrix are displaced in both axial and radial direction. The 
relative radial displacement of CNT with respect to matrix also changes along the 
length of the embedded CNT. As the relative radial displacement is higher near the 
crack tip which increases the interface displacement and hence reduces the normal 
cohesive stress at z=0. The result shows that the minimum and maximum cohesive 
stresses are found to be around 146 and 165 MPa, respectively, which also ensure that 
the contribution of vdW interaction is quite significant over all the embedded length. 
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Fig. 4.10: Variation of normal cohesive stress by van der Waals interaction along the 
embedded length of CNT 
4.3.5 Parametric Study 
Influence of debond length 
      Figures 4.11a and 4.11b show the average axial stress of CNT and interfacial 
shear stress, respectively along the length for different percentage of debonded length. 
It can be observed from the Fig. 4.11a that the axial stress of CNT decreases towards 
the end. The axial stress distribution also shows that the trends are linear in the 
debond region but a stress saturation zone is found at the middle of the embedded 
length. In addition, the figure shows that with the increase of debond length, axial 
stress also increases. This can be illustrated as larger debond length means more 
length of CNT is frictionally bonded which ensures less stress transfer than that would 
happen for perfectly bonded interface and thus more stress is to be carried by CNT. 
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figure that a jump of shear stress occurs at the end of debond zone. It is interesting to 
note that the shear stress decreases up to 50% length of the nanotube and then 
increases towards the end for all three cases.  
 It is important to note from the Fig. 4.14a that the stress transfer of CNT is 
higher in the case of perfectly bonded interface than the debonded interface. This can 
be clarified by comparing of the axial stress distribution for 0% and 10% debonded 
length. It is clear from the figure that the difference in axial stress for 0% (which in 
fact represents perfectly bonded interface) and 10% debonded interface is very 
significant which ensure that perfectly bonded interface is capable of transferring 
more stress than the debonded interface. The result also shows that the difference of 
axial stress for 0% and 10% debond length is much higher than that for 10% and 20% 
debond length. Similar observation is also found in the interfacial shear stress 
distribution.  However, deviation is comparatively smaller for debond region for 10% 
and 20% and very small is at the perfectly bonded zone. Thus, it can be concluded 
that the stress transferring of CNT significantly reduces due to debonding near the 
open end of the CNT.  
 
Fig. 4.11a: Average axial stress of CNT for different debond length 
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Fig. 4.11b: Interfacial stress of CNT for different debond length 
 
Influence of CNT/matrix Young’s modulus ratio 
 Figure 4.12a and 4.12b show the average axial stress and interfacial shear 
stress of CNT, respectively along the length for different matrix/nanotube Young’s 
modulus ratio. Both stress distributions show that the trends are linear up to initial 
20% of the embedded length but a stress saturation zone is observed at the remaining 
part of the reinforcement. Axial stress distribution shows that with the increase of 
Young’s modulus ratio, axial stress of CNT decreases. This happens because higher 
Em/Ef indicates stronger matrix as well as stronger interface which can transfer more 
stress to matrix and hence smaller axial stress of CNT results. Figure 4.12b shows that 
interfacial shear stress increases in a very mild slope in the debonded region and a 
downward jump of shear stress is found at the point of intersection of bonded and 
debonded interface before reaching a minimum peak nearly 65% of the embedded 
length and then sharply increases towards the end.  
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Fig. 4.12a: Axial stress of CNT for different Young’s modulus ratio 
 
Fig. 4.12b: Interfacial shear stress of CNT for different Young’s modulus ratio 
 It is interesting to observe that interfacial shear stress increases as the Young’s 
modulus ratio increase in debonded interface but opposite trends are found in the 
perfectly bonded interface. This can be explained as with the increase of Em/Ef, the 
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Influence of radius ratio, b/a (volume fraction) 
      Figures 4.13a and 4.13b show the average axial stress and interfacial shear 
stress along the length of CNT, respectively for different radius ratio. It can be seen 
from Fig. 4.13a that the axial stress linearly decreases in the debonded region before 
gradually decreases towards the end. Fig. 4.13b shows that the shear stress 
distribution is nearly constant in the debonded interface before results a jump of stress 
at the intersection of perfectly and debonded interface. In the perfectly bonded region, 
shear stress sharply decreases before reaching a minimum peak and then sharply 
increases towards the embedded end of the CNT. It is also observed that all the shear 
stress distributions coincide nearly at the 75% length of embedded nanotube. In 
addition, the figure also shows that as the radius ratio increases shear stress decreases 
at z=l but the opposite behavior is observed at the embedded end i.e. large shear stress 
is found at z=L. However there is a certain limit of interfacial shear stress after which 
crack propagation starts to be enhanced. From this result, it is understood that if the 
volume fraction is increased, the interface crack will start from the embedded end 
rather than from the vicinity of the debonded zone.  
 It has been clearly observed from both figures that stress distributions are 
nearly independent of radius ratio in debond region. However, in the perfectly bonded 
interface, the influence of radius ratio which generally represents the volume fraction 
of the CNT is significant in comparison with the debonded interface. In this region, 
with the increase of radius ratio axial stress of CNT. This may happen because higher 
radius ratio indicates smaller volume fraction of CNT which ensures CNT to be more 
effectively used and hence relatively more stress transfer of CNT is observed in the 
perfectly bonded region.  
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Fig. 4.13a: Axial stress of CNT for different radius ratio (volume fraction) 
 
 
Fig. 4.13b: Interfacial stress of CNT for different radius ratio (volume fraction) 
 
Influence of embedded length 
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debonded and perfectly bonded interface region. The axial stress distribution also 
shows that as the embedded length increases, axial stress of CNT decreases near the 
open end (z=0) but increases near the embedded end (z=L). Figure 4.14b shows that 
interfacial shear stress linearly increases in the debonded interface and then there is a 
sharp jump of shear stress in the vicinity of perfectly bonded interface before sharply 
decreases to reach a minimum peak nearly at the 60% of the embedded length and 
finally shear stress sharply increases towards the end.  
 It is also observed that the change of interfacial shear stress for different 
embedded length is almost insignificant for debond region. However, the interfacial 
shear stress in the perfectly bonded interface decreases very significantly as the 
embedded length increases. This can be explained as with the increase of embedded 
length, total surface area as well as length of CNT also increases. Therefore, applied 
stress can be distributed over longer length and larger surface area that result 
reduction of interfacial shear stress at the perfectly bonded interface.  
 
 
Fig. 4.14a: Axial stress of CNT for different embedded length (20% debonded) 
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Fig. 4.14b: Interfacial shear stress of CNT for different embedded length 
 
4.4 Conclusion 
An analytical pull-out model has been proposed to evaluate the stress transfer 
of CNT in polymer matrix by using classical continuum mechanics. Closed-form 
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attained for perfectly bonded CNT/polymer interface.  
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in the literature. Current analytical result shows a good agreement with the recent 
pull-out model proposed by (Natsuki, Wang et al. 2007). The analytical result also 
shows that vdW interaction of CNT with polymer chains contributes significantly at 
the debond region and hence enhances stress carrying potential of CNT. This study 
suggests that vdW interaction should be taken in to account in investigating debonded 
interface which are generally common in this type of pull-out problem. However, the 
result also revealed that stress transfer of CNT is significantly higher in the perfectly 
bonded interface than that of debonded interface.  
To demonstrate the applications of the newly developed model, parametric 
studies of sample cases are conducted. The analytical results reveal that the length of 
debonded interface, modulus ratio and relative size of RVE (i.e. volume fraction) are 
critical controlling factors for nanotube reinforced composites particularly in the 
perfectly bonded region. In contrast, the result for debonded interface shows that 
interfacial shear stress transfer is nearly independent on the volume fraction and the 
embedded length of nanotube.  
This present work is a very good attempt for providing an analytical pull-out 
model to evaluate the axial and interfacial stress transfers of CNT reinforced 
composites for overcoming the great difficulty in conducting their experimental 
investigation on a single CNT pull-out test. In addition, this study is a very good 
replacement of molecular mechanics or molecular dynamics which are not only time 
consuming but also costly particularly for modeling composite. This realistic model 
can play a significant role in designing CNT as reinforcement polymer composite.  
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CHAPTER 5                                   
SHEAR-LAG ANALYSIS 
 
5.1 Introduction 
      This chapter presents the shear-lag model which is generally used to obtain 
the stress transfer mechanism of nanotube in polymer composites using continuum 
mechanics. As described previously, the exceptional mechanical property of carbon 
nanotube (CNT) alone does not ensure mechanically better composites because the 
composite properties are strongly influenced by the nanotube matrix interface. Non-
bonded interface rather than perfectly bonded interface will be considered in view 
that literature review shows that the chemical bonding at the interface is difficult to 
achieve and the process is costly. Key realistic factors involved at the non-bonded 
CNT/matrix interface such as mechanical interlocking, thermal residual stress, 
Poisson’s contraction and van der Waal interactions will be considered. As can be 
seen from the literature review in Chapter 2 (Section 2.4.3.2) that though there is a 
number of shear-lag models on carbon nanotube reinforced composite no such study 
on non-bonded interface that considers all those factor interacting together at the 
CNT/matrix interface, is observed. The proposed model aims to explain the stress 
transferring mechanism of CNT reinforced composites allowing all these factors.  
In this chapter, an improved shear lag model is proposed for assessing the 
interface characteristics of CNT reinforced composites. The geometric features of the 
nanocomposites may be investigated using the representative volume element (RVE) 
concept. The RVE comprises a single-walled nanotube represented by a finite length 
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hollow cylinder completely surrounded by an annular cylindrical matrix. The 
proposed shear lag model comprises of an effective solid fiber to represent the hollow 
carbon nanotube. The effective fiber has the same length and diameter of the carbon 
nanotube but with equivalent properties to account for the mechanical behavior of the 
carbon nanotube. Instead of considering any possible chemical bonding at the 
nanotube matrix interface, this study focuses on the load transfer mechanism of 
nanotube arising from the combined effects of mechanical interlocking (Coulomb 
Friction), Poisson’s contraction, thermal mismatch and van der Waals (vdW) 
interactions. Since the nanotube and matrix are considered non-bonded at the 
interface region, there must therefore exist adhesive vdW force, which is generally 
presented in the form of Lennard–Jones potential. Using the proposed model, closed 
form analytical solutions for different stress components are derived. To examine the 
suitability of the proposed model, parametric study is conducted to obtain the effect 
of key interface parameters, including vdW interaction, on the stress carrying 
potential of CNT. The newly developed model is then used to understand the true 
stress transfer mechanism and to investigate the application of CNT as a 
reinforcement of polymer composite. 
 
5.2 Proposed Shear-lag Model 
        A 3D cylindrical RVE taken from a sample CNT reinforced composite to 
illustrate the proposed shear-lag model is shown in Fig. 5.1. Figure 5.1(a) shows 
atypical CNT reinforced polymer composite. The shear-lag model of the RVE of 
length    is shown in Fig. 5.1(b). It comprises a CNT of radius   completely 
embedded within a cylindrical matrix of radius  . The   and   coordinates are 
assigned along the axial and radial directions of the CNT, respectively. The 
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embedded length of CNT in the polymer matrix is denoted by     and   is the axial 
normal stress applied at the end of the RVE. A typical CNT/matrix interface showing 
the cohesive stress arising from vdW interactions, when the interface gap exceeds the 
equilibrium distance, is illustrated in Fig. 5.1(c).  For the purpose of deriving closed-
form analytical solutions, it is convenient to replace the hollow nanotube with a solid 
fiber of same diameter but with equivalent properties.  
The modulus of the effective CNT    can be expressed in terms of elastic 
modulus of the hollow nanotube    as follows (Thostenson, Ren et al. 2001; Gao and 
Li 2005; Ailin, Wang et al. 2010) 
   
      
  
                                                                               
in which   denotes the thickness of the nanotube.  
 
Fig. 5.1: RVE model for nanotube reinforced composite 
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The governing equilibrium equations for the axisymmetric RVE problem in 
terms of polar coordinates (     ) may be expressed as follows (Timoshenko and 
Goodier 1970) 
    
  
 
    
  
 
       
 
                                                   
    
  
 
    
  
 
   
 
                                                          
where                  are the axial, radial, hoop and shear stress components, 
respectively, 𝜀    𝜀   𝜀   𝛾   the corresponding strain components, respectively, and 
𝑤, 𝑢 the axial and radial displacements, respectively. 
Assuming the material is isotropic, the constitutive equations can be written 
as, 
𝜀   
 
 
{              }                                              
𝜀   
 
 
{              }                                               
𝜀   
 
 
{              }                                               
𝛾   
   
 
                                                                   
where     and   are the Young’s modulus, shear modulus and Poisson’s ratio, 
respectively.   
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The geometric equations (strain displacement relationship) of the 
axisymmetric problem may be written as 
𝜀   
 𝑢
  
                                                          
𝜀   
 𝑤
  
                                                         
𝜀   
𝑢
 
                                                           
𝛾   
 𝑢
  
 
 𝑤
  
                                                    
It should be noted that Eq. (5.2) to (5.4) are valid for both the nanotube and matrix. 
The average axial stress of CNT  ̅  
 
 and average axial stress of matrix  ̅  
  
may be written as,  
 ̅  
  
 
  
∫    
    
 
 
                                                            
 ̅  
  
 
     
∫    
       
 
 
                                               
      superscripts f and m denotes effective fiber and matrix, respectively. 
 The boundary conditions of the proposed shear-lag model are 
 ̅  
                                                               
 ̅  
                                                                  
 ̅  
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 ̅  
                                                                   
   
                                                                   
 ̅  
                                                                  
𝜀 
     𝜀 
                                                          
   
     
                                                               
       A free-body diagram of an elemental length dz of the effective fiber, showing 
the interfacial shear stress (  ) acting over the outer surface as well as the axial 
stresses (   
 
) developed at the two ends, is shown in Fig. 5.1 (d). By establishing 
force equilibrium condition along the z direction, we obtain 
    
 
  
  
 
 
                                                           
Upon integrating Eq. (5.2b) with respect to r from a to b and applying boundary 
conditions given in Eqs. (5.6d) and (5.6f), we obtain 
    
 
  
 
  
     
                                                                     
By substituting Eq. (5.8) back into Eq. (5.2b) and solving the resulting differential 
equation, we obtain the solution for the matrix shear stress    
  at any radial distance r 
as follows 
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Since the radial displacement is insignificant compared to the axial 
displacement and hence 
  
  
 
  
  
, we can assume 
  
  
 
  
  
 
  
  
. Therefore, from Eq. 
(5.4d), we obtain 
𝛾   
 𝑤
  
                                                                    
In view of Eq. (5.10), the strain displacement relationship given in Eq. (5.3d) 
for both fiber and matrix may then be written as 
   
  
  
    
 𝑤 
  
                                                        
   
  
  
    
 𝑤 
  
                                                     
Upon substitution of Eq. (5.11b) into Eq. (5.9), we obtain 
  
    
 𝑤 
  
 
𝛾
 
       
 
                                                    
        𝛾  
  
     
                                                          
By integrating Eq. (5.12) with respect r over a to b, we obtain 
   
 
𝛾
   𝑤 
  𝑤 
  
      (  𝑙𝑛
 
   
  𝛾⁄ )
                                               
Finally, by substituting Eq. (5.14) into Eq. (5.12) and integrating over a to b, we 
obtain 
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𝑤       𝑤 
  
(  𝑙𝑛
 
  
       
 
⁄ )  𝑤 
  𝑤 
  
(  𝑙𝑛
 
  
  
 𝛾⁄ )
                                
Since the radial and hoop stresses are insignificant compared to the axial 
stress, we assume that            . Equation (5.3a) may therefore be rewritten as 
   
    
 𝑤 
  
                                                  
   
    
 𝑤 
  
                                                
Substituting the derivative of Eq. (5.15) with respect to z into Eq. (5.16b), we obtain 
   
          
       
(  𝑙𝑛
 
    
       ) (   
          
      )
(  𝑙𝑛
 
  
  
 𝛾⁄ )
                 
The mechanical equilibrium equation over the cross section of the RVE can be 
written as, 
     ∫    
        
 
 
 ∫    
        
 
 
                                      
Upon substituting Eq. (5.17) into Eq. (5.18) and after rearranging, we obtain 
   
       
  𝛾  ̅  
    
 
    
 
 
    
                                     
where                                                    
(         
 
 
 
        
 
⁄ )
(    
 
 
  
 
  ⁄ )
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Now substituting Eq. (5.14) into Eq. (5.7) and then differentiating with respect to z 
and then finally substituting    
       from Eq. (5.19) we obtain, 
 
   ̅  
 
   
  
  𝛾  ̅  
        
      
𝛾      
 ( 
    𝛾 𝑙𝑛
 
  
        
 ⁄ )
                         
 
Interfacial shear stress at the non-bonded interface 
To investigate the true interface characteristics, this study considers that the 
stress carrying ability of the CNT is generated by a combination of various 
mechanisms including mechanical interlocking (friction), Poisson’s contraction, 
thermal contraction and vdW interaction. Therefore, the interfacial shear stress at the 
non-bonded CNT/matrix interface can be written as a function of these components as 
follows 
                                                                                          
where   is the coefficient of friction at the nanotube matrix interface,   ,   and    are 
the residual stress due to differential thermal contraction, the radial stress due to 
Poisson’s contraction and the cohesive stress caused by vdW force acting as pressure 
at the non-bonded interface, respectively.  
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Thermal residual stress (q0) 
This radial (compressive) stress      is caused by the matrix shrinkage due to 
differential thermal contraction of the constituents upon cooling from the processing 
temperature. This residual stress acts as a uniform pressure over the entire interface, 
which can be estimated directly through experimental investigation. As approximated 
by Budiansky et al. (1986) for fiber reinforced composites, this radial stress can also 
be determined by using the experimental value of temperature change, thermal 
contraction, volume fraction, Poisson’s ratio and Young’s modulus of the constituents 
as presented in the Eq. (3.45).  
Radial stress due to differential Poisson’s ratio (q1) 
In general, an additional radial stress is produced at the interface due to 
Poisson’s contraction of the CNT and matrix when an axial tensile stress is applied at 
the remote end of the RVE. When the fiber has a smaller Poisson’s ratio than matrix 
(the normal case for most composites), there is a compressive radial stress at the 
interface acting normal to the fiber. By using the continuity of tangential strain at the 
interface, (i.e.    
 
=   
 ) (Gao, Mai et al. 1988) the radial stress due to Poisson’s 
contraction,    can be derived as follows 
    
     ̅   
           ̅   
      
 (     )         𝛾
                               
            
  
  
                                                             
 
 
 
Chapter 5                                                                                                      Shear-Lag Analysis 
 
 
 
117 
 
van der Waals interaction 
One of the major challenges of this study is to consider the van der Waals 
interaction in this continuum based approach. The major difficulty arises in 
calculating each atom interaction because the model typically involves billions of 
atoms. To meet this challenge, instead of considering individual atom’s interaction, 
this study uses the technique to simplify the computation by considering the number 
of atoms per unit surface area of CNT and number of molecules per unit volume of 
polymer. The vdW interactions between two non-bonded atoms is usually represented 
by the Lennard–Jones potential      as follows 
       (
   
   
 
  
  
)                                                        
where d is the distance between non-bonded pair of atoms or molecules; δ the 
characteristics bond length between CNT and -CH2- units of the polymer; √ δ is the 
equilibrium distance between the atoms; and   the bond energy at the equilibrium 
distance.   
The comprehensive derivation to estimate the cohesive stress caused by vdW 
interaction has been presented in Chapter 3. For convenience with the proposed 
shear-lag model, the derived formulas and terms are recalled briefly. A 2D 
CNT/polymer model is proposed to determine the cohesive stress due to vdW 
interaction as shown in Fig. 5.2. In the model, an infinite polymer is considered 
where h is the equilibrium distance of the matrix with respect to CNT and    the 
average interface opening gap beyond equilibrium distance that causes cohesive 
stress.  
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Fig. 5.2: Model to determine stress caused by vdW interaction at CNT/polymer 
interface 
The cohesive energy stored in an area dA embedded in a polymer volume dV 
due to the van der Waals interaction can be written as 
    𝑛   ∫    𝑛                             (5.26) 
where 𝑛   𝑛  are the number of polymer atoms per unit volume and number of atoms 
per unit area of nanotube, respectively. By substituting Eq. (5.25) into Eq. (5.26), and 
then integrating over the entire volume, the total cohesive energy can be obtained as 
follows 
   
  
 
𝑛 𝑛   
 (
   
          
 
  
       
)                                   
Now, differentiating the above expression with respect to  , we obtain the normal 
cohesive stress due to van der Waals interactions as follows 
     𝑛 𝑛   
 
{
 
(   
 
  
  
 )
  
   
(   
 
  
  
 
)
  }
                     
where    
 
   is the equilibrium distance between the CNT and polymer surface. 
    CNT 
           θ 
    a 
(       (a,0,0) 
      h 
     d     
   
     (r, θ, z) 
     Polymer 
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Substituting    and    from Eqs. (5.22) and (5.28) respectively into Eq. (5.20) leads 
to 
    
(
 
 
   
     ̅   
           ̅   
      
 (     )         𝛾
   𝑛 𝑛   
 
{
 
(   
 
  
  
 )
  
   
(   
 
  
  
 
)
  }
)
 
 
                               
By substituting Eq. (5.7) into Eq. (5.29) and after rearranging, we obtain 
 ̅   
          
   ̅  
 
  
    ̅   
                                            
where 
    (     )         𝛾                                     
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Upon substituting Eq. (5.30) into Eq. (5.23), we obtain the following governing 
differential equation 
 
   ̅  
 
   
   
   ̅  
 
  
    ̅   
                                                                        
where 
   
   
𝛾         (     𝛾 𝑙𝑛
 
  
        
 ⁄ )
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   𝛾   
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 )
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  }]
𝛾      
 ( 
    𝛾 𝑙𝑛
 
  
        
 ⁄ )
         
Solving the above governing differential equation for the boundary conditions stated 
in Eqs. (5.6b) and (5.6d), we obtain 
 ̅  
  
      {                           }
  
 
 {                 }
  
                                                                                                                      
 
Upon differentiating Eq. (5.39) with respect to z and substituting it into Eq. (5.7), we 
obtain the solution for interfacial shear stress as follows 
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      {                               }
  
 
 {                     }
  
]                                                           
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The axial stress at the centre      of the nanotube,     can be determined by 
noting that interfacial shear stress is minimum at the center where there is no radial 
contraction due to Poisson’s ratio effect. From Eq. (5.20), the interfacial shear stress 
at the center,                                    
                                                                                    
Upon substituting Eq. (5.40) in Eq. (5.45), we obtain  
   
         {           }            
   
  {                       }
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The substitution of axial stress of CNT as given by using Eq. (5.39), to the 
mechanical equilibrium equation stated in Eq. (5.18) leads to the matrix axial stress as 
follows  
 ̅  
     𝛾         
      {                           }
  
 
 {                 }
  
   [
     𝑛 𝑛   
 
{
 
(   
 
  
  
 )
  
   
(   
 
  
  
 
)
  }]
              
In view of Eq. (5.40), the shear stress at any radial distance in the polymer 
resin given in Eq. (5.9) can be derived as  
   
  
𝛾       
  
[
      {                               }
  
 
 {                     }
  
]                                                           
 
5.3. Results & Discussions 
Equations (5.39) and (5.40) are the solutions for the axial and interfacial shear 
stress of the effective fiber in the positive axial direction (i.e. the right hand part of 
the fiber in figures). The corresponding solutions are also valid for the negative axial 
direction which are obtained by symmetry of the axial stress and anti-symmetry of the 
interfacial shear stress with respect to the center at z=0. The matrix axial stress and 
the matrix shear stress (   
  ) at any radial location can be determined directly from 
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the Eqs. (5.47) and (5.48) respectively. Available experimental data that has been 
used to obtain these stress distributions are given in Table 5.1. 
Table 4.1. Value of parameters for shear-lag model§ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
§Flora and Peters (1989); Kim and Mai (1998); Jiang et al.( 2004); Jiang et al. (2006); 
Gao and Li (2005); Haque and Ramasetty (2005); Zhang et al. (2006); Salehikhojin 
and Jalili (2008); Zhao and Shi (2011) 
  
Parameter Value 
         
A                 [(15,15) CNT] 
B 4 nm 
          
                    
    ⁄   
            
                                  
        
        
           
       
            
        10
-6         
       
         
𝑛        
       
𝑛         
       
   0.25 nm 
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Parametric studies are conducted for CNT reinforced polymer composites 
using the newly derived formulas. The coefficient of friction, aspect ratio, 
CNT/matrix Young’s modulus ratio and interface opening beyond equilibrium 
position are considered as key parameters that control the interface properties of the 
composite. With the variation of these controlling factors, analytical results are given 
in terms of axial and interfacial shear stress distributions along the length of CNT.  
As the model is symmetric with respect to its center (i.e., z=0), only half of the stress 
distribution (right hand part of the reinforced region from the center) in each case is 
given in Figs. 5.3 to 5.6. 
5.3.1 Effect of Coefficient of Friction (µ) 
Figures 5.3a and 5.3b show the variation of the average axial stress and 
interfacial shear stress, respectively, along the length of CNT for different values of 
the coefficient of friction (µ). It can be seen from Fig. 5.3a that the axial stress of 
CNT gradually decreases towards the end. In contrast with the axial stress 
distribution, Fig. 5.3b shows that the interfacial shear stress gradually increases 
towards the end where minimum shear is found at z=0. It can be observed from 
Fig.3b that as the coefficient of friction increases, the shear stress at the end (z=Lt) 
increases significantly but remains largely constant in the vicinity of the center 
(z=0).In terms of stress distribution pattern, these plots agree those reported in 
previous studies conducted by Kim and Mai (1998) and Gao and Li (2005). The 
average axial stress of CNT is also noted to increase for larger values of µ. This is to 
be expected as higher value of µ ensures strong mechanical bonding that leads to 
larger axial stress of CNT.  
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Fig. 5.3a: Axial stress distribution for different coefficient of friction 
 
Fig. 5.3b: Interfacial shear stress distribution for different coefficient of friction 
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It is also observed that in case of higher coefficient of friction, the stress 
distribution trends for both the axial and interfacial shear stresses are quite similar to 
the model developed by Gao and Li (2005) which considered perfect bonding at the 
interface. Similar to their model, the center of the reinforcing length is almost shear 
stress free for higher value of µ, which also illustrates that CNT/matrix interface 
behaves like perfectly bonded interface for higher coefficient of friction. Therefore, 
by using this result, it is possible to predict the necessity of surface treatment to 
achieve the desired interface strength through chemical bonding or increased surface 
roughness. 
5.3.2 Effect of Aspect Ratio, AR (Lt/a) 
The variations of average axial stress and interfacial shear stress of CNT for 
different aspect ratios are presented in Figs. 5.4a and 5.4b, respectively. Figure 5.4a 
shows that the axial stress increases gradually from the CNT end and reaches a 
maximum value at the center. Figure 5.4b shows that the interfacial shear stress 
gradually increases from the center towards the end and attains a common shear stress 
level regardless of the value of the AR. This agrees well with the results reported by 
Gao and Li (2005). It can be observed from these figures that as the aspect ratio 
increases, the axial stress increases. The trend is reversed in the case of the interfacial 
shear stress i.e. as the aspect ratio increases, the shear stress decreases. For higher 
AR, the interfacial shear stress is able to distribute over a longer length as well as 
over a larger surface area, which leads to smaller interfacial shear stress. It is found 
that beyond a critical value of the AR, there is virtually no shear stress developed near 
the center, as can be seen for the curve corresponding to AR=400 in Fig. 5.4b. This 
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observation is quite similar to the results shown in figure 5.3b in the case of higher 
coefficient of friction. 
      From this study, it can be concluded that if there is a poor bonding at the 
CNT/matrix interface (i.e. smaller coefficient of friction), an alternative way to 
improve the stress carrying ability is to increase the AR. However, there is a critical 
value of AR beyond which the axial stress carrying ability by the CNT cannot be 
improved. Furthermore, it is difficult and expensive to manufacture defect free long 
CNTs and thus it may not be practical to use CNTs with high AR. 
 
Fig. 5.4a: Variation of axial stress of CNT over the length for different aspect ratio 
(AR=Lt/a) 
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Fig. 5.4b: Interfacial shear stress distribution of CNT for different aspect ratio along 
the length of CNT 
 
5.3.3 Effect of CNT/matrix Modulus Ratio,  (     ) 
Figures 5.5a and 5.5b show the average axial stress and interfacial shear stress 
of CNT along the length for different CNT/matrix Young’s modulus ratio    , 
respectively. It can be seen from Fig. 5.5a that the axial stress of CNT is maximum at 
the center and gradually decreases to zero towards the end of the CNT. It is also 
observed from the figure that smaller values of  , which represent relatively weaker 
matrix, result in higher axial stress of CNT. In addition, it is noted that for larger 
values of   (say,     ⁄     ), the CNT experiences an approximate constant stress 
level over a large portion of its length. Figure 5.5b shows that the interfacial shear 
stress gradually increases from the center towards the end of the CNT. It is also 
observed from the figure that the interfacial shear stress levels are smaller for larger 
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values of  . This may be explained as due to the fact that the matrix of a composite 
with a high value of   is relatively stronger and hence able to carry a significant 
amount of applied stress. As a consequence, the CNT carries a relatively smaller axial 
and shear stress. Interestingly, it can be seen from both Figs. 5.5a and 5.5b that 
composites with       , there is not much improvement in the levels of axial and 
interfacial shear stresses that will be carried by the CNT. This is an important 
observation as it means that for the practical design of CNT/matrix composites, it is 
critical not to employ a matrix that is too weak such that a minimum value of 
       is achieved. Note that composites with weaker matrix, it is to be expected 
that the nanotube can be easily pulled out from the polymer matrix. On the other 
hand, if the matrix modulus is very close to the CNTs’ modulus (relatively stronger 
matrix i.e.    ),the axial stress of CNT is very close to the applied stress and is 
thus ineffective as reinforcement in the composite. 
 
Fig. 5.5a: Axial stress distribution of CNT for different CNT/Matrix modulus ratio. 
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Fig. 5.5b: Interfacial shear stress distribution for different CNT/matrix modulus ratio 
 
5.3.4 Effect of vdW Interaction 
      Figures 5.6a and 5.6b show the average axial stress and interfacial shear stress 
distribution, respectively, for different interface distance beyond equilibrium 
position     . Figure 5.6a shows that the axial stress of CNT is maximum at the 
center and gradually decreases to zero towards the end of the CNT. It can be seen 
from Fig. 5.6b that the interfacial shear stress progressively increases from the center 
towards the end of the CNT. Both the axial and interfacial shear stress distributions 
are seen to be significantly influenced by the magnitude of   . When   =0, which is 
the exact equilibrium position between CNT and polymer matrix, the normal cohesive 
stress due to vdW interaction becomes theoretically zero. Therefore, the stress 
distributions corresponding to   =0 nm represents the stress profiles without 
considering van der Waals effect. As a result, both the axial and interfacial stresses 
are at their minimum values. When    is increased, both stresses increase initially and 
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reach peak values at a critical value of    of 0.05 nm. Thereafter, both stresses 
gradually decrease with increasing value of    beyond the critical value. This 
behavior may be explained from the fact that the normal cohesive stress due to van 
der Waals interaction decreases as the interface gap increases (higher value of    
resulting in a decrease in the interfacial shear stress as well as axial stress of CNT. 
Therefore, it is clear that the interface gap between CNT and polymer matrix is 
crucial in determining the stress carrying potential of CNT. Hence, accurate control of 
the interface gap is important in regulating the strength of the CNT reinforced 
composite. 
 
 
Fig. 5.6a: Variation of axial stress distribution of CNT with interface opening 
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Fig. 5.6b: Variation of interfacial shear stress distribution with interface opening 
 
5.4. Interface Crack Propagation  
This part of the study will focus on the effect of interface cracking on the 
stress transferring ability of SWCNT reinforced composites. Evaluating the effect of 
debonding, cracking in composite state between nanotube and matrix at nanoscale is 
one of many difficult tasks. Very few works has been carried out on investigating the 
damage behavior such as crack propagation in matrix and interfacial sliding of the 
nanotube. Numerical simulations are used to be a shed of light on nano-scale behavior 
and to obtain information that is not easily obtained from experiments. Though there 
are some study on the interface cracking for fiber reinforced composite based on the 
interface fracture toughness, most of them consider the case of interface cracking of 
perfectly bonded interface to become debonded interface. In the open literature, no 
study has been investigated the frictionally bonded interface to be cracked to become 
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debonded interface. As far with the author’s knowledge, there is no study in the 
literature that investigates the interface crack propagation considering vdW 
interaction at the non-bonded interface. Hence, the knowledge and understanding of 
the phenomenon of crack propagation and mechanics of stress transfer in cracked 
interface is critical for manufacturing high strength CNT polymer composites. 
This section will investigate the interface crack propagation of chemically 
non-bonded interface for carbon nanotube reinforced composites.  In the chemically 
non-bonded interface, the stress transfer of CNT is determined by the combined 
contribution of mechanical interlocking (i.e. frictionally bonded), thermal residual 
stress and vdW interaction. When the stress is applied beyond the allowable limit of 
interfacial shear stress, the interface starts to become debonded as well as the static 
crack propagation enhances. As discussed in the Chapter 3 for both of this frictionally 
bonded and debonded interface, the stress carrying potential of nanotube is controlled 
by thermal residual stress, Poisson’s contraction and van der Waals interaction. 
However, frictionally bonded interface follows the strain compatibility at the 
nanotube/matrix interface. In contrast, the debonded interface does not follow strain 
compatibility which results in relative radial displacement between the CNT and 
polymer matrix. The vdW interaction which is a function of initial interface 
displacement and relative radial displacement due to the application of load varies 
along the length of the debonded region of the CNT/matrix interface. In this 
investigation of interface crack propagation along the frictionally bonded interface, 
this study accounts for the change of the van der Wall interaction which is caused by 
the relative radial displacement at the debonded interface. An iterative approach has 
been used to calculate the vdW interaction for debonded CNT/matrix interface.  
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5.4.1 Analytical Model for Static Crack Propagation 
An analytical shear-lag model is proposed to investigate the static crack 
propagation for non-bonded CNT/matrix interface, as shown in Fig. 5.7. The figure 
includes a 3D representative volume element quite similar to the shear-lag model as 
proposed in Section 4.2. The model comprises a CNT of length 2L and having outer 
diameter of 2a. As we observed in the previous section of this chapter that the 
maximum interfacial shear stress is found near the end of the nanotube, it is 
considered that a debonding starts from the end rather than the center of the RVE. As 
the model is symmetric with respect to its center, it is assumed the debonded length of 
CNT is the same for both sides. The length of the debonded interface is denoted by l. 
The other parameters of the nanocomposite remain unchanged that has been used in 
the previous shear-lag model in Section 5.2.  
    
 
Fig. 5.7: Model for static crack propagation of nanotube reinforced composite 
 
𝑙 
   
  
  
  𝑛  𝑢   
       
          
     Debonded interface 
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The interface debonding crack propagation criterion used in this study is based 
on fracture mechanics where the strain energy release rate against the debonded 
length is equated to the interface fracture toughness, Git 
    
 
   
    
 𝑙
                                                         
where Ute is the sum of the total strain energy stored in the frictionally bonded region; 
0<z < (L-l) and debonded region, (L-l) < z <L. The total strain energy, Ute  can be 
obtained by integrating the stress components over the volume of the respective 
regions  
                                                                   
The strain energy due to the application of stress in the frictionally bonded interface, 
Ufb may be written as follows 
    ∫ ∫ |
   
  
  
 
   
  
  
        
   
  
  
|       
 
 
   
 
                                         
The axial stress of CNT, matrix and shear stress at any radial location of the 
matrix for the frictionally bonded interface has already derived in the Eqs. (4.39), 
(4.47) and (4.48), respectively. The analytical solution for the debonded interface may 
be obtained by using the similar principle that has been used for debonded interface in 
the case of CNT pull-out model for imperfectly bonded interface in Chapter 4. 
Therefore, the strain energy due to the application of load in the debonded interface, 
Ufd can be presented as follows 
    ∫ ∫ |
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For the debonded region, the major stress components may be derived as follows  
   
   [      
   
 
     ]                                                             
   
     𝛾       
   𝛾 [      
   
 
     ]                             
   
   𝛾  [
     
  
]    (
   
 
     )                                          
in which 
  
     𝛾  
 (    )        𝛾
                                                              
Substituting the major three stress components for both bonded and debonded 
interface followed by double integration over the domain of reinforcing region by 
using MATLAB, the required stress to cause interface cracking may be derived as 
follows 
  
√                    
 
                                                      
in which 
   (                 𝑛  𝑛     
    )                                         
                                                                            
   (    𝑙          )                                                    
   (     𝑙                 )                                       
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5.4.2 Crack Propagation vs. Debonded Length 
Based on the analytical solution stated in Eq. (5.57), analytical result is 
obtained by using programming language MATLAB version 2009b. The available 
experimental data that has been used are already presented in Table 5.1. The value of 
interface fracture toughness for carbon fiber and epoxy matrix is        nJ/nm2 
(Kim and Mai 1998). As the analytical model for static crack propagation is 
axisymmetric, only right hand side of the crack propagation is presented. The 
characteristics curve for the required applied stress at the remote end of RVE 
corresponding to the debond length of the embedded nanotube has been presented in 
Fig. 5.8. The figure shows that with the increase of debond length, initially the 
required applied stress for interface crack propagation sharply decreases before 
reaching a nearly constant region. For example if the debond length is 25%, the 
required applied stress decreases by 70% of that required to debond a completely 
bonded interface. The required stress to debond the last 60% of the embedded length 
is only 20% of initial requirement. It is interesting to note that after complete 
debonding has occurred, the CNT is found to be capable of carrying further stress. 
This happens due to the fact that after debonding, shear stress due to thermal residual 
stress and van der Waal interaction will be still active at the debonded interface. In 
another comparison, it is observed that the stress carrying ability of completely 
debonded interface is nearly 20% of the stress required to debond bonded interface.     
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Fig. 5.8: Characteristics curve for interface cracking stress corresponding to debond 
length 
 
5.4 Conclusion 
      In this study, a continuum-based shear lag model has been proposed for CNT 
reinforced composites considering thermal residual stress, Poisson’s contraction and 
van der Waals interactions at the non-bonded CNT/polymer interface. By using the 
representative volume element concept, the shear-lag analysis is performed in the 
elastic regime and closed-form formulae are derived for calculating the axial and 
interfacial shear stress of the CNT as well as other stress components. Analytical 
results are obtained using these formulas to investigate the stress carrying ability of 
the CNT in polymer composites. The results predicted by the current model show 
very good agreement with those of previous studies. Parametric study was conducted 
to examine the effects of key interface parameters including the interface gap 
distance, which controls the vdW interaction. The parametric study shows that the 
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stress carrying ability of the CNT largely depends on the coefficient of friction at the 
interface, aspect ratio, CNT/matrix Young’s modulus ratio and also the effect of van 
der Waals interaction.  
A continuum model for investigating the interfacial static crack propagation of 
CNT reinforced composite has also been developed. Using the formula derived from 
the shear-lag model, analytical results for static crack propagation with respect to the 
application of uniform stress is presented. The stress required in causing interface 
cracking is found to decrease as the debonding length increases. The characteristics 
curve also shows that after complete debonding has occurred, the CNT is found to be 
capable of carrying further stress. 
One of the key achievements of this study is that the proposed shear-lag 
model is capable of incorporating the cohesive stress caused by vdW interaction 
together with the other components. The contribution of vdW interactions is notably 
significant and must be taken into considerations so that more accurate stress 
transferring mechanism can be obtained in nanotube reinforced smart composites. It 
should be noted that the proposed continuum model is a useful alternative to other 
more complicated methods such as molecular mechanics and molecular dynamics 
simulations, which are not only time consuming but also costly. 
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CHAPTER 6                      
NANOROPE REINFORCED COMPOSITES 
 
6.1 Introduction 
        As discussed in the literature review, carbon nanotubes have already been 
identified as a superior candidate of reinforcement for mechanically high strength and 
lightweight composites (Ajayan et al. 2000; Chen 2004; Ashrafi and Hubert 2006; 
Chen et al. 2006; Manoharan et al. 2009; Bakshi et al. 2010). These carbon nanotubes 
can self-organize into nanoropes, which consist of several (typically, more than 3) 
tubes running together along their length in contact with one another. Carbon nano-
ropes can also be fabricated on Ni-catalyzed Si substrate by microwave plasma-
enhanced chemical vapor deposition employing a mixture of acetylene and hydrogen. 
They can be assembled with incredible tensile strength using correctly-aligned 
nanotubes. Similar to carbon nanotubes, nanoropes are also expected to be superior 
candidate of reinforcement for mechanically high strength and lightweight 
nanocomposites as shown in Fig. 6.1. Research study also suggested that the unusual 
superior properties of nanorope including being light, flexible and stiff, make them 
ideal reinforcing materials for composite which can be used for nanoscale engineering 
(Lu 1997). Mechanical properties such as elastic and shear moduli of SWNT rope 
have already been estimated to be of the order of 1 TPA and 1 GPa, respectively (Lu 
1997; Salvetat et al. 1999). In addition, the Young’s moduli may be improved even 
for randomly oriented ropes by reducing the waviness effect of CNT rope (Berhan 
2004).        
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Fig. 6.1: Typical nanorope in polymer composite 
 
      As reinforcement in polymer composite, nanoropes have some advantages 
over a single nanotube.  For example, nanoropes can provide better stress transfer as 
well as reliability. When one CNT of a rope system breaks or damages, the broken 
sections of that particular tube can still be effective in stress transferring from the 
other tubes through the strong friction force which is a consequence of the radial 
compression. In addition, nanorope has a smaller bending stiffness and enjoys a 
longer fatigue life. Therefore, it is desirable to use nanorope as reinforcement of 
composite in which it has to be frequently bent. Besides, the structure of nanorope is 
stabilized by the radial force component compared with single tubes that are in 
parallel (Dong et al. 2003). However, only a few research studies have been reported 
on nanoropes and their composites due to the lack of efficient computational methods 
and the difficulties inherent in experimental setups. In fact, research on interface 
characteristics of nano-ropes and their composites is still an undeveloped area and 
many critical issues still need to be addressed before they can be used as 
reinforcements. A pressing issue relates to the stress transferring mechanisms 
a 
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involved at the interface region. The stress transfer mechanism of SWNT in nano-
rope has been examined by Qian et al. (2003), using molecular mechanics approach. It 
has been observed that inter-tube corrugation scales linearly with respect to the 
contact surface area (Dong et al. 2003). Their promising findings provided some 
important information on the stress transferring mechanism of nanorope but are 
limited to the case of twisting only. Therefore, more investigations are needed to 
understand the true interface characteristics of nano-rope in polymer. 
       As stated in Chapter 5, the stress transfer mechanism in fiber reinforced 
composites has been studied using continuum mechanics since 1950s (Cox 1952; 
Dow 1963; Rosen 1964; Rosen 1965; Kim and Mai 1998; Qian 2002; Dong et al. 
2003; Gao and Li 2005; Haque and Ramasetty 2005). Though some researchers have 
extended the previous shear lag model for nanotube reinforced composite (Gao and Li 
2005; Haque and Ramasetty 2005) using the Representative Volume Element (RVE) 
concept, to the author’s knowledge no such study on nanorope reinforced composite 
can be found. In examining the stress transferring mechanisms of CNT reinforced 
composites, the major issue is the CNT/polymer interface. However, the mechanism 
in nanorope reinforced composite is more complicated because two different types of 
interfaces are involved in the composite and both of them need to be addressed, 
namely the CNT/CNT interface in the nanorope system and the nanorope/polymer 
interface.  
      This chapter is concerned with the study on the interface characteristics of 
nanorope in polymer composite using continuum mechanics approach. The stress 
transfer mechanism of nanorope as well as individual nanotube in the rope system of 
polymer composites will be investigated. The formulations are carried out based on 
linear elasticity and formulas are derived in closed forms for different stress 
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components of the constituents of nanocomposites. Parametric study will also be 
conducted to understand the effects of key interface parameters on the average axial 
and interfacial shear stresses of inner and outer nanotubes as well as rope where both 
interfaces (nanorope/resin and inner/outer CNT) are involved. 
 
6.2 Proposed Model for Nanorope Reinforced Composite 
       In developing the analytical model for nanorope reinforced composite, a 3D 
cylindrical Representative Volume Element (RVE) is taken from the nano-rope 
reinforced composite (shown in Fig. 6.2a) to present the current shear-lag model as 
shown in Fig. 6.2 (b). In the model, equal sized 7 nanotubes having a radius of   in 
the nano-rope system is considered where one tube, called the inner-tube, is placed at 
the center and the rest of the tubes, named as outer-tubes, are located at outer side of 
the rope in a hexagonal array. The total length of the nanorope is 2L and the nanorope 
is completely surrounded by polymer resin having a radius of b. Figure 6.2(c) shows 
the cross-sectional view and also the representation of actual rope as an equivalent 
rope of radius ă. The free body diagram of inner nanotube is shown in Fig. 6.2(d). The 
modeling considerations and the assumptions that have been taken into account are 
described below: 
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Fig. 6.2: RVE model of nanorope reinforced composite 
 
Modeling assumptions & considerations  
 The nanotubes as well as ropes are assumed straight and their dispersion to be 
uniform. 
 In the ropes, nanotubes are defect free with similar dimensions i.e. geometry is 
same for all rope.   
 In view of common structural configurations of nanorope, 7 equal sized 
nanotubes are considered in a hexagonal array with one tube at the center and 
the other six positioned along the perimeter as shown in Fig. 6.1.  
 Linear elasticity theory is applied for both nanotube and resin. 
 Both nanotube and matrix are homogeneous and isotropic.  
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Based on a previous study conducted by (Dong et al. 2003), the interface 
between the nanotubes is considered as frictionally bonded interface because it is 
quite difficult to generate chemical bonding between CNTs. In contrast, research 
studies suggested that chemisorptions (chemical bonding between nanotubes) can 
create covalent bonds at the CNT/polymer interface which certainly improves 
interfacial strength significantly (Zheng et al. 2008). In addition, coating may be used 
over the rope to obtain desirable covalent bonding between nanotubes as well as 
coating and resin. Hence, it is worthwhile to consider that outer tubes are perfectly 
bonded with the resin. Therefore, in view of more realistic stress transfer mechanism 
in nanorope reinforced composite, this study considers non-bonded interface between 
the tubes and that the outer surface of the nanorope is perfectly bonded with the 
matrix. In perfectly bonded interface, stress transferring ability is determined by 
mechanical properties of resin and equivalent rope. However, in the non-bonded 
interface, the stress transferring ability of CNT is determined by mechanical 
interlocking (friction), thermal residual stress, Poisson’s contraction and van der 
Waals (vdW) interaction. Thermal residual stress in nano-rope is assumed to be 
insignificant as the thermal contraction is expected to be the same for both inner and 
outer tubes. 
 Nanotube as solid fiber  
      Each of the annular carbon nanotubes in the nanorope can be replaced by an 
equivalent solid fiber having the same length and outer diameter (Gao and Li 2005). 
The modulus of elasticity and shear modulus of the equivalent fiber can be expressed 
as (Ailin et al. 2010) 
  =
  
 
                                                           (   ) 
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  = (  (  
  
 
) )                                        (   ) 
where   and    denote the thickness and modulus of elasticity of the hollow tube, 
respectively. 
 Nanorope as effective rope 
       Similar to the idea of replacing the nanotube as an effective solid fiber, this 
study proposes replacing the actual rope as an effective solid rope where shear stress 
carried by the outer surface is applied to whole cross section. Now, for a equal sized 
7-nanotube rope system having a hexagonal cross section, the radius of effective solid 
circular rope ( ) which has an equivalent circular cross section may be obtained from 
the equivalent area as follows, 
 =   √
 √ 
  
+                                            (   ) 
Similar to a single nanotube, the modulus of elasticity and the shear modulus of the 
effective rope may be expressed as 
   =                =                                            (      ) 
in which 
    =
 
(
 √ 
 +  )
                                                        (   ) 
By using Eqs. (6.1), (6.4a) and (6.5) the equivalent Young’s modulus can directly be 
expressed as a function of modulus of elasticity, radius and thickness of the nanotube 
as follows 
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   =
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 √ 
 +  )
                                                          (   ) 
Mathematical derivation 
      The general equations for an axisymmetric problem in terms of polar 
coordinates (     ) has been derived in Chapter 3. For convenience, these are 
presented below 
    
  
+
    
  
+
       
 
=                    
    
  
+
 
 
 (    )
  
=               (      ) 
where                  are the axial, radial, hoop and shear stress components, 
respectively,                  the corresponding strain components, respectively and 
 ,   the axial and radial displacements, respectively. 
As the material is assumed to be isotropic, the constitutive equations may be written 
as 
   =
 
 
*     (   +    )+                                             (    ) 
   =
 
 
*     (   +    )+                                             (    ) 
   =
 
 
*     (   +    )+                                           (    ) 
   =
   
 
                                                            (    ) 
where     and   are the Young’s modulus, shear modulus and Poisson’s ratio, 
respectively.   
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 The geometric equations (strain displacement relationship) of the 
axisymmetric problem may be written as 
   =
  
  
                                                (    ) 
   =
  
  
                                                (    ) 
   =
 
 
                                                  (    ) 
   =
  
  
+
  
  
                                    (    ) 
Note that the three sets of equations given in Eqs. (6.7) to (6.9) are valid for both rope 
and resin. 
       When the nanorope reinforced composite is subject to load, it is reasonable to 
consider the stress transfer mechanism as one in which the stress induced is first 
transferred from the resin to rope, from rope to outer nanotube and finally from outer 
nanotube to inner tube. Therefore, the equilibrium equation for nanorope and the 
polymer resin in RVE can be written as 
∫    
  (  )  
 
 
+∫    
  (  )  
 
 
=                                           (    ) 
in which the superscripts rp and rs denotes the rope and resin, respectively. 
 The boundary conditions for the problem are 
 ̅  
  (  ) =                                           (     ) 
   ̅  
  ( ) =                                               (     ) 
 ̅  
 (  ) =                                            (     ) 
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  ( ) =                                               (     ) 
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  ( )                                       (     ) 
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  ( )                                      (     ) 
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  ( )                                     (     ) 
   
 ( ) =                                            (     ) 
The average axial stress of nanorope  ̅  
  
 and average axial stress of matrix  ̅  
   may 
be written as 
 ̅  
  =
 
   
∫    
     
 
 
                                      (     ) 
 ̅  
  =
 
      
∫      
      
 
 
                            (     ) 
 ̅  
 =
 
  
∫    
                                              (     )
 
 
 
Upon integrating Eq. (6.7b) with respect to r from 0 to   and applying boundary 
conditions from Eq. (6.11d) for rope, we obtain  
  ̅  
  
  
=  
 
 
  
                                             (    ) 
Similarly, upon integrating Eq. (6.7b) with respect to r from   to b and applying 
boundary conditions given in Eqs. (6.11d) and (6.11f), we obtain 
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  ̅  
  
  
=
  
     
  
                                           (    ) 
By substituting Eq. (6.14) into Eq. (6.7b) and solving the resulting differential 
equation, we obtain the solution for the matrix shear stress (   
 ) at any radial distance 
r as follows  
   
  =
 
     
(     )
 
  
                                               (    ) 
in which      . 
Since the radial displacement is insignificant compared to the axial displacement and 
hence 
  
  
 
  
  
, we can assume  
  
  
+
  
  
 
  
  
 . Therefore, from Eq. (6.9d), we obtain 
    
  
  
                                                             (    ) 
In view of Eq. (6.16), the strain displacement relationship given in Eq. (8d) for both 
fiber and matrix may then be written as 
    
  =    
    
  
                                         (     )                                            
   
  =    
    
  
                                          (     )  
Upon substitution of Eq. (6.17b) to Eq. (6.15) leads to 
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Now integrating Eq. (6.18) over   to b, we obtain 
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Finally, after replacing   
  
 in Eq. (6.18) and integrating over   to b, we obtain  
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Since the radial and hoop stresses are insignificant compared to the axial stress, we 
assume that    +        . Equation (6.8a) may therefore be rewritten as 
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Substituting the derivative of Eq. (6.21) into Eq. (6.22b), we obtain 
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Equation (6.10) in view of Eq. (6.23) becomes 
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Upon carrying out the integration in Eq. (6.24), we obtain 
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After rearranging Eq. (6.25), it can be written as 
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Now substituting Eq. (6.20) into Eq. (6.13) and then differentiating with respect to z, 
we obtain 
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Upon substituting the value of    
  (   )from Eq.(6.26) into Eq.(6.28), we obtain 
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   ( ̅  
    )     
  (   )
 ( +    )
 ( 
 ( +  )  
 
 
 
(     
 
)
 
⁄ )
                            (    ) 
Note that as the rope is assumed to be perfectly bonded with the polymer resin, the 
strain at the interface is thus the same for rope and resin. This condition is expressed 
in the boundary equation given in Eq. (6.11g). Therefore, as    
  ( ) =    
  ( ) and by 
using the constitutive law, the relationship between the axial stress of rope and resin 
may be written as 
    
  (   ) =   ̅  
                                                (    ) 
where 
 =
   
   
                                                (    ) 
 Equation (6.29) in view of Eq. (6.30) may be rewritten as  
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After rearranging Eq. (6.32), the governing differential equation can be written as 
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where 
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The solution to the governing differential equation given in Eq. (6.33) in view of the 
boundary conditions given in Eq. (6.11a) may be expressed as 
 ̅  
  = *
( +  )
( +  )
 
(   )    (√   )
( +  )    (√   )
+                                                 (    ) 
The interfacial shear stress in the effective rope is obtained by substituting Eq. (6.36) 
into Eq. (6.13) as given below 
  
  = *
 √  (   )    (√   )
 ( +  )    (√   )
+                                                        (    ) 
In view of Eq. (6.37), the shear stress at any radial distance in the polymer resin given 
in Eq. (6.15) can be derived as  
   
  =
 
     
(     )
 
*
 √  (   )    (√   )
 ( +  )    (√   )
+                       (    ) 
 
 
 
Chapter 6                                                                                Nanorope Reinforced Composites 
155 
 
Solution for inner nanotube 
As stated earlier, the inner nanotube is frictionally bonded with the outer tube in the 
nanorope. Now, let us consider the nanorope as a RVE comprising of an inner 
nanotube fully surrounded by the outer tubes. The equilibrium equation in the rope 
system may be written as 
   ̅  
  = ∫    
 (  )  
 
 
+∫    
 (  )  
 
 
                                                        (    ) 
Upon integrating Eq. (6.7b) with respect to r from 0 to   and applying boundary 
conditions from Eq. (6.11j) for CNT, we obtain              
  ̅  
 
  
=  
 
 
                                                     (    ) 
As we consider a non-bonded interface between the inner tube and outer tubes, the 
interfacial shear stress is thus a function of the thermal residual stress, Poisson’s 
contraction and coefficient of friction and may be written as 
                                         =   (     +   )                                                          (    ) 
in which     is the coefficient of friction;    the thermal residual stress;    the radial 
stress due to Poisson’s contraction; and    the stress due to van der Waals interaction. 
 As stated earlier, the thermal residual stress is insignificant since the inner 
tube and the surrounding outer tubes experience similar thermal contractions. 
Therefore, Eq. (6.41) may be rewritten as 
  =   (     )                                                          (    )  
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Stress due to van der Waal interaction (  ) 
The vdW interactions between two non-bonded atoms or molecule is usually 
represented by the Lennard–Jones potential  ( ) as follows 
 ( ) =   (
   
   
 
  
  
)                                                           (    ) 
where d is the distance between non-bonded pair of atoms or molecules; δ the 
characteristics bond length between CNT and -CH2- units of the polymer; √ δ is the 
equilibrium distance between the atoms; and   the bond energy at the equilibrium 
distance.   
The cohesive stress caused by van der Waals (vdW) interaction for a single 
CNT has been derived in Chapter 3. Using the similar principle, the cohesive stress 
can be obtained for the inner nanotube of the nanorope reinforced composite.  In 
calculating the stress caused by the vdW interaction, this study assumes that the 
nanorope be placed in an infinite polymer. A 2D nanorope/polymer model as shown 
in Fig.6.3 is proposed to determine the cohesive stress caused by the vdW interaction 
over the length of the inner nanotube. In order to estimate the cohesive stress 
accurately, this part of the study follows the actual condition of the nanorope 
reinforced composite in which inner nanotube is surrounded by 6 equal sized single 
walled nanotubes in a hexagonal array. The radius of each tube is denoted by a; d is 
the distance between two non-pair atoms or a molecule which is still can be given by 
Eq.3.58;  h is the equilibrium distance of the between the inner and outer tubes and    
the average interface gap beyond equilibrium distance.   
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The cohesive stress due to vdW interaction for single nanotube reinforced 
composite is accounted in terms numbers of carbon atoms per unit area CNT and 
numbers of polymer molecules per unit volume of polymer. Since the density of 
carbon atoms and polymer molecules are different, in accounting cohesive stress 
generates over the inner tube average density of non-bonded atom and molecules are 
considered.  
This average density can be obtained from the volume fraction of the 
constituents. The average numbers of non-bonded atom/ molecule interacts on the 
inner nanotube,      can be approximated as 
    =      +                                                        (    ) 
where        are the number of polymer atoms per unit volume and number of atoms 
per unit area of nanotube, respectively.             are the volume fraction of 
nanorope and polymer, respectively. 
The cohesive energy stored due to the van der Waals interaction in an area dA 
of inner nanotube embedded in the rope which is further embedded in a polymer 
volume dV can be written as 
   =         ∫ ( )                   (6.45) 
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Fig. 6.3: Analytical model to determine normal cohesive stress by vdW interaction on 
the inner nanotube of the nanorope 
 
By substituting Eq. (6.43) into Eq. (6.45), and then integrating over the entire 
volume, the total cohesive energy can be obtained as follows 
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Now, differentiating the above expression with respect to  , we obtain the normal 
cohesive stress due to van der Waals interactions as follows 
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Radial stress due to Poisson’s contraction 
The radial stress due to Poisson’s contraction can be obtained from Lame’s 
formulation which was also given by (Gao et al. 1988). The detailed derivation in 
computing the radial stress due to Poisson’s effect has been presented in Chapter 3 
with the final expression given in Eq. (3.42). Thus, in the view of Eq. (3.42), the 
radial stress due to Poisson’s contraction that arises at the interface of inner nanotube 
can be written as 
  (   ) =
      ̅   
 (   )      ̅   
 (   )
  (     ) +  +    +    
                                  (    )  
in which    is the Young’s modulus ratio = 1 since both inner and outer nanotubes 
have the same modulus;   =
 
 
                                             =    . 
In view of these values and Eq. (6.44), Eq. (6.42) may be rewritten as 
  =   (   
    ( ̅   
 (   )   ̅   
 (   ))
 
)                      (    ) 
which upon rearranging becomes 
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Upon substituting Eq. (6.50) into Eq. (6.39), we obtain 
     
      ̅   
 
   
=  ̅   
  
   
    
 
  
      
  ̅  
 
  
                                     (    ) 
Again, upon substituting the expression for    
  
 given in Eq. (6.36) into Eq. (6.51), 
the governing differential equation for the inner nanotube is obtained as follows 
Chapter 6                                                                                Nanorope Reinforced Composites 
160 
 
  ̅  
 
  
   ̅   
        (√   ) +  =                                            (    ) 
in which 
 =
  
   
      
  
=
      
 
   
                                                             (    ) 
 =
  (   )     
   ( +  )    (√   )
                                                     (    ) 
 =
  ( +  ) 
( +  )
     
   
+
          
 
 {
 
(   
 
 +
 
 )
  
   
.   
 
 +
 
 
/
  }
            (    ) 
Making use of the boundary condition given in Eq. (6.11c), the governing differential 
equation in Eq. (6.52) can be solved to obtain the average axial stress and interfacial 
shear stress of inner tube as follows 
 ̅  
 =
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The solution for the axial stress of outer carbon nanotube can be written as  
 ̅   
 =
     
      ̅   
 
   
                                                                        (    ) 
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6.3. Results & Discussions 
      Closed form analytical solutions are derived by using the analytical model for 
carbon nanorope reinforced composite. These newly derived formulas can be directly 
used to obtain stress components of the nanorope reinforced composite for the right 
hand part of model (positive axial direction). The corresponding solutions are also 
valid for left hand side of the RVE (negative axial direction) which can be obtained 
by symmetry of the axial stress distribution and anti-symmetry of the interfacial shear 
stress with respect to its center (at z = 0). The analytical results are compared with 
similar previous study. Parametric studies are also conducted to investigate the 
significance of key composite parameters such as coefficient of friction, aspect ratio, 
nanorope/matrix Young’s modulus ratio as well as vdW interaction due to interface 
displacement. With the variation of these controlling factors, analytical results are 
given in terms of axial and interfacial shear stress distributions along the length of the 
nanorope as well as inner nanotube. Available experimental data of various 
parameters that have been used to obtain the stress distributions are given in Table 
6.1. 
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Table 6.1 Available experimental data of various parameters to investigate nanorope 
reinforced composite§ 
 
 
 
 
 
 
 
 
 
 
 
 
 
§ Flora and Peters (1989); Jiang et al.( 2004); Gao and Li (2005); Zhang et al. (2006); 
Jiang et al. (2006); Salehikhojin and Jalili (2008);  Zhao and Shi (2011) 
 
 
 
 
 
Parameter Value 
          1  GPa  
        a  92 nm 1nm 10 m  [(15,15) CNT] 
        b                           10 nm 
 2L   0.1 μm  
 mE    9 210Gpa    1GPa 10 N / m  
 tE   1000 GPa  
 t   0.34 nm  
 Є   
190.004656 ev (1ev 1.602 10  j)   
 f   0.28  
 m   0.35  
    0.3825  nm  
 
1   0.25  
 pn   
28 33.1 10  / m  
 cn   
19 23.82 10  / m  
 iO  
                                0.25 nm 
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6.3.1 Comparison of Results 
      The current result is compared with the previous shear-lag model conducted 
by (Gao and Li 2005) and (Cox 1952). Among them, Gao & Li (2005) estimated 
stress components for SWNT reinforced composite where Cox (1952) developed the 
earliest shear lag-model for fiber reinforced composite. Due to unavailability of any 
similar work for nanorope reinforced composites, a comparison of current analytical 
results with similar works is presented in this section. In the work by Gao and Li 
(2005), they considered a single nanotube reinforce composite as a single solid fiber 
perfectly bonded to the matrix. In 1952, Cox proposed the earliest shear-lag model to 
investigate the strength of fiber reinforced composite and presented results for a fiber 
perfectly bonded to the matrix. Though these two works are not on nanorope 
reinforced composites, it would still be useful to compare their results with those from 
the proposed formulas in view that the nanorope is treated as a solid fiber of 
equivalent properties that is perfectly bonded to the matrix. For the purpose of 
comparison, the material and geometric properties of the equivalent solid fiber of the 
current work and the other two works are taken to be the same.  
      Figures 6.4a and 6.4b present the average axial stress and interfacial shear 
stress distributions along the length of the RVE for the current work and the 
aforementioned two previous works. It can be seen from Fig. 6.4a that the maximum 
axial stress is located at the center of the RVE. The axial stress remains nearly 
constant over approximately 80% of the embedded length (except for Cox’s results) 
before sharply decreasing towards the end of the RVE. In contrast, Fig. 6.4b shows 
that the interfacial shear stress is virtually zero over a large central portion of the RVE 
before sharply increasing towards the end of the RVE. It can be seen from both Figs. 
6.4a and 6.4b that the current results are very close to the recent work by Gao & Li 
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(2005). Both of these models show the formation of large stress saturation region over 
the length of the fiber, which is characteristic of perfectly bonded interface.  The 
results from Cox (1952) are noted to be substantially different from the other two 
models despite showing similar trends in the stress distributions. This may be 
attributed to the fact that Cox assumed the axial stress to be zero at the end of the fiber 
unlike the other two models which assumed that the fiber and matrix stresses are 
equal at the end. Therefore, it can be concluded that the current prediction shows very 
good agreement with Gao and Li’s model in terms of both axial and interfacial stress 
distribution patterns. 
 
 
Fig. 6.4a: Comparison of average axial stress distribution of nanorope 
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Fig. 6.4b: Comparison of interfacial shear stress distribution of nanorope 
 
6.3.2 Stress Components of the Nanorope Reinforced Composite  
In this section, the stress distributions of different stress components of 
nanorope reinforced composite are presented. Figure 6.5a presents the distributions of 
average axial stress of inner tube, outer tube, effective rope and polymer resin along 
the length of nanorope. The figure shows that the axial stress of nanorope (as well as 
outer nanotube) forms large stress saturation region before sharply decreasing towards 
the end. The opposite trend is noticed in the case of axial stress of polymer resin. The 
figure also shows that almost 80% reduction of the applied stress is found in the 
reinforced region of the polymer resin. A significant amount of axial stress is found to 
exist over the central region of the non-bonded inner tube and the distribution of the 
axial stress in the inner tube is almost linear. This observation suggests that 
mechanical interlocking and vdW interaction is capable of transferring sufficient 
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stress through the non-bonded interface, which also agrees with the result obtained in 
the shear-lag model for a single nanotube presented in Chapter 5. Figure 6.5b shows 
the interfacial shear stress distributions of nanorope, inner tube and outer tube along 
the length. It can be seen from the figure that almost 80% length of nanorope is shear 
stress free. The shear stress is then found to increase sharply towards the end of the 
nanorope. A similar stress distribution pattern is observed for the outer tube except 
that the magnitude of the shear is much smaller than the nanorope at the end. The 
similarity of stress distributions may be explained as due to the fact that the nanorope 
and outer tubes are assumed to be perfectly bonded with the polymer resin. Large 
deviation between these two stress distributions is observed at the end (z = L), which 
occurs due to the fact that the inner part of the outer tube is frictionally bonded to the 
inner nanotube. On the other hand, the interfacial shear stress of the inner nanotube is 
found to increase linearly up to approximately 90% of the embedded length before 
decreasing slightly towards the end. The linearity may be explained due to the 
assumption that the inner tube is frictionally bonded with the outer tubes. The slight 
drop in stress occurs due to the boundary condition that the end of the inner tube is 
taken to be perfectly bonded with the resin. 
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Fig. 6.5a: Axial stress distribution for different components of the composite 
 
 
Fig.6.5b: Interfacial stress distribution for different components of the composite 
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6.4 Parametric Study 
      The results of a parametric study conducted to investigate the influence of 
major parameters, for both perfectly bonded rope/resin interface of the composite and 
non-bonded CNT/CNT interface in the rope system, are presented in the following 
sections. 
6.4.1 Perfectly Bonded Rope/Resin Interface 
      In the perfectly bonded interface, the parameters investigated are the aspect 
ratio (AR) of the nanorope, rope/matrix radii ratio (which represents the relative size 
of the RVE as well as volume fraction) and rope/matrix Young’s modulus ratio. 
6.4.1.1 Effect of Aspect Ratio 
      Figures 6.6a and 6.6b show the distributions of average axial and interfacial 
shear stresses along the length of the effective rope, respectively, for different aspect 
ratios of nanorope. It can be seen from Fig. 6.6a that the axial stress reaches a 
maximum value within a short distance from the reinforcement end and remains 
constant over the central region of the rope. Figure 6.6b shows that the interfacial 
shear stress is almost zero up to a certain length from the center before sharply 
increasing towards the end and attaining a unique shear stress level regardless of the 
value of the AR. This stress distribution pattern agrees well with the results reported 
by (Gao and Li 2005; Haque and Ramasetty 2005) in which both of them studied the 
problem of a single perfectly bonded CNT reinforced composite.  
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Fig. 6.6a: Axial stress distribution of nanorope for different aspect ratio 
 
 
      Fig. 6.6b: Interfacial shear stress distribution of nanorope for different aspect ratio 
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      It can also be observed from Fig. 6.6a that almost 85% of embedded length of 
nanorope measured from the center has the same axial stress magnitude for all cases 
of aspect ratios considered except for AR = 50. Over the remaining (approximately 
10-15%) embedded length, it is observed the axial stress increases as the aspect ratio 
increases. The trend is reversed in the case of the interfacial shear stress i.e. as the 
aspect ratio increases, the shear stress decreases. When the AR is higher, it is to be 
expected that the interfacial shear stress is smaller due to the fact that the distribution 
of the stress occurs over a longer length as well as a larger surface area. It may be 
concluded from the results presented in Figs. 6.6a and 6.6b that the stresses produced 
over a significant portion of the length of the rope are virtually independent of the 
AR. This is particularly true for AR of nanorope larger than 100, which is common 
for perfectly bonded nanorope reinforced composites.  
6.4.1.2 Effect of Rope/Resin Radii Ratio 
      Figures 6.7a and 6.7b show the distributions of average axial and interfacial 
shear stresses of the effective rope along the length, respectively, for different sizes of 
RVE as measured by the rope/matrix radii ratio, b/a. It is observed from Fig. 6.7a that 
the axial stress of the rope decreases towards the end after reaching a maximum value 
at the center of the rope. It can also be observed that the axial stress increases with 
increasing b/a values. Figure 6.7b shows that the interfacial shear stress is zero at the 
center and then sharply increases towards the end. Both Figs. 6.7a and 6.7b show the 
existence of stress saturation region over the center of the reinforced region that 
decreases in size as the radius ratio increases. As the radius ratio increases, the 
interfacial shear stress is noticed to increase. This result is consistent with the 
expectation that the rope takes a larger proportion of the interfacial shear stress for 
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composites with smaller volume fraction of nanoropes resulting in relatively larger 
RVE (i.e. larger b/a ratios).  
 
Fig. 6.7a: Average axial stress distribution of nanorope for different RVE size 
 
Fig. 6.7b: Interfacial shear stress distribution of nanorope for different RVE size 
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6.4.1.3 Effect of Rope/Matrix Young’s Modulus Ratio 
 Figures 6.8a and 6.8b present the average axial stress and interfacial shear 
stress of effective nanorope, respectively for different rope/resin Young’s modulus 
ratio. Figure 6.8a shows similar axial stress distribution pattern for all cases of 
modulus ratio considered. The magnitude of axial stress is noted to increase with 
increasing modulus ratio. It can also be observed that the axial stress is almost 
constant up to about 85% of the length rope before sharply decreasing towards the 
end. An opposite stress distribution trend, as shown in the Fig. 6.8b, is noted for the 
interfacial shear stress. The interfacial shear stress is almost zero in the central region 
before sharply increasing towards the end. 
  It can also be seen from the figure that the interfacial shear stress of the 
nanorope increases with increasing rope/resin Young’s modulus ratio. This noted 
behavior might be explained from the fact that stress transferring through perfectly 
bonded interface is directly related to the mechanical properties of the constituents of 
the composite. Higher value of modulus ratio indicates relatively weaker resin, which 
cannot take more stress and hence results in larger interfacial shear stress as well as 
axial stress of resin. 
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Fig.6.8a: Axial stress distribution of nanorope for different rope/matrix modulus ratio 
 
 
Fig.6.8b: Interfacial shear stress distribution of nanorope for different rope/matrix 
modulus ratio 
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   6.4.2 CNT/CNT Non-bonded Interface 
A parametric study to investigate the effect of various factors on the stress 
distribution in the inner CNT/CNT non-bonded interface of the nanorope was 
conducted. The major factors considered include the coefficient of friction, aspect 
ratio (with respect to nanotube) and the van der Waals parameters. 
6.4.2.1 Effect of Coefficient of Friction (µ1) 
 Figures 6.9a and 6.9b show the variation of the axial stress and interfacial 
shear stress of inner nanotube, respectively, along the length for different values of 
the coefficient of friction (µ1). It can be seen from Fig. 6.9a that the axial stress of 
inner nanotube gradually decreases towards the end. In contrast, Fig. 6.9b shows that 
the interfacial shear stress gradually increases from the center (z = 0), where the stress 
is minimum, up to approximately 90% of the embedded length to reach a peak value 
before sharply decreasing towards the end. It is also observed from Fig. 6.9b that as 
the coefficient of friction increases, the shear stress increases significantly near the 
end (z = L) region but decreases near the vicinity of the center (z = 0).  
      It can be seen from Fig. 6.9a that the axial stress of inner nanotube increases 
for larger values of µ1. This is to be expected as higher value of µ1 ensures strong 
mechanical bonding in the CNT/CNT interface, which leads to the generation of 
larger axial stress in the inner tube. It is also observed that in case of higher 
coefficient of friction, the axial stress distribution trend is quite similar to what was 
observed in perfectly bonded rope/resin interface. For higher value of µ1, the center of 
the reinforcing length is almost shear stress free, which also indicates that CNT/CNT 
interface behaves like perfectly bonded interface only for higher coefficient of 
friction. 
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  From a practical viewpoint, the nanotube surface, as suggested by past 
studies, tends to be very smooth. Consequently, the coefficient of friction at the 
CNT/CNT interface is expected to be small.  Therefore, the stress distribution pattern 
of the inner nanotube is expected to be nearly linear, as shown in Fig. 6.9a. Note that 
chemisorption or surface treatment may be used to achieve a higher coefficient of 
friction at the CNT/CNT interface.  
 
 
Fig. 6.9a: Axial stress distribution of inner nanotube for different coefficient of 
friction 
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Fig. 6.9b: Interfacial shear stress distribution of inner nanotube for different 
coefficient of friction 
 
6.4.2.2 Effect of Aspect Ratio, AR (L/a) 
      The variations of average axial stress and interfacial shear stress of inner 
nanotube for different aspect ratios are presented in Figs. 6.10a and 6.10b, 
respectively. Figure 6.10a shows that the axial stress of inner tube gradually increases 
from the end and reaches a maximum value at the center. On the other hand, Figure 
6.10b shows that the interfacial shear stress gradually increases from the center to 
reach a peak value near the end. The stress then decreases to attain a common level at 
the end regardless of the value of the AR.  
Figure 6.10a shows that the axial stress increases as the aspect ratio increases. 
The behavior, as shown in Fig. 6.10b, is reversed in the case of the interfacial shear 
stress. It is also observed that beyond a critical value of the AR, there is virtually no 
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shear stress developed near the center, as can be seen for the curve corresponding to 
AR = 200 in Fig. 6.10b. Beyond this value of AR, Fig. 6.10a also shows that there is 
no increase in axial stress particularly at the center of the rope. This observation is 
quite similar to the results shown in Fig. 6.9a in the case of higher coefficient of 
friction. From this part of the study, it can be concluded that if there is a poor bonding 
at the CNT/CNT interface (i.e. smaller coefficient of friction), an alternative way to 
improve the stress carrying ability is to increase the AR. However, it should be noted 
that it is difficult and expensive to manufacture defect free long CNTs. Thus, it may 
not be practical or economical to use CNTs with high AR. 
 
Fig. 6.10a: Axial stress distribution of inner nanotube for different aspect ratio 
Chapter 6                                                                                Nanorope Reinforced Composites 
178 
 
 
Fig. 6.10b: Interfacial shear stress distribution of inner nanotube for different aspect 
ratio 
 
6.4.2.3 Effect of vdW Interaction 
      Figure 6.11a and 6.11b present the average axial stress and interfacial shear 
stress distribution for different interface opening beyond equilibrium position (  ). It 
can be seen from these figures that the axial stress of inner nanotube gradually 
decreases whereas the interfacial shear stress progressively increases towards the end. 
Both axial and interfacial shear stress distributions are found to be influenced 
significantly by   . This shows that the influence of vdW interaction is substantial. 
For example, an increment of 67% and 60% in the maximum axial stress and 
interfacial shear stress is obtained, respectively, when the vdW parameter,   , changes 
from 0 to 0.4 nm.  
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Fig. 6.11a: Axial stress distribution of inner nanotube for different interface gap 
 
Fig. 6.11b: Interfacial shear stress distribution of inner nanotube for different 
interface opening 
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      Looking at Figs. 6.11a and 6.11b, it is found that both the axial and interfacial 
shear stresses decrease consistently throughout the length for increasing values of  . 
This occurs because the normal cohesive stress due to van der Waals interaction 
decreases for higher values of    resulting in decreased values of both the interfacial 
shear and axial stresses of CNT. It is interesting to note that when the value of    is 
zero, both the axial and shear stresses are smallest along the embedded length of inner 
nanotube as compared to all cases of   > 0. As previously explained, a zero value of 
   indicates that the CNT is in an exact equilibrium position relative to the other 
nanotube and matrix. At this position, there is no van der Waals effect and thus the 
normal cohesive stress due to vdW interaction becomes insignificant. However, it is 
worthwhile noting that it is impractical to precisely locate the CNT at the exact 
equilibrium position during manufacture of the nanorope. It may be concluded from 
this study that proper positioning of nanotube in nanorope can lead to an increment of 
both axial stress and interfacial shear stress, which in fact improves the rope strength 
as well as composite strength. 
 
6.5 Conclusion 
      A shear-lag model for nanorope reinforced composite has been developed to 
investigate the interface characteristics of rope, resin and nanotubes. The model can 
be used to evaluate the stress carrying ability of nanorope in polymer resin as well as 
CNT in the rope in the linear elastic regime. The model represents an improvement 
over existing models as it accounts for a more realistic stress transfer mechanism 
between a perfectly bonded rope/resin interface and a non-bonded inner CNT/outer 
CNT interface. The axial and interfacial shear stress distributions of the nanorope 
predicted by the current model have been compared in a simplified case and are found 
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to be in good agreement with the results from a recent model proposed by Gao and Li 
(2005). Results show that the nanorope is very effective as reinforcement in 
composite and is able to significantly decrease the axial stress of polymer resin. In 
addition, a notable stress transfer is observed through non-bonded interface. 
Parametric study has also been conducted for key composite parameters for both 
perfectly bonded rope/resin interface and CNT/CNT interface in the rope system. The 
study for perfectly bonded rope/resin interface shows that stress carrying potential on 
effective rope is significantly dependent on volume fraction and rope/resin Young’s 
modulus ratio but nearly independent on aspect ratio. It is also found that the non-
bonded interface stress carrying ability is influenced significantly by the coefficient of 
friction, aspect ratio and vdW interaction.  
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CHAPTER 7                  
CONCLUSIONS AND RECOMMENDATIONS 
 
7.1 Concluding Remarks 
       The basic goal of this analytical study is to investigate the interface 
characteristics of nanotube reinforced composite. A good understanding of the 
characteristics would be necessary before industrial application of carbon nanotube as 
reinforcement in polymer composite can be realized. This study focuses on 
investigating the stress transferring mechanism between the CNT and the matrix, 
which is recognized to have significant influence on the reinforcing potential of 
carbon nanotube in polymer composites.  
      To achieve the research objective, the first scope of work was to develop an 
analytical pull-out model, using the Representative Volume Element (RVE) concept, 
for investigating the stress transferring ability of CNT in polymer matrix. Initially, the 
model was developed for perfectly bonded carbon nanotube in polymer composite in 
the elastic regime. Using continuum mechanics, closed-form analytical solutions were 
derived for the axial and interfacial shear stress components of the composite due to 
an applied pull-out force on the CNT. These formulas are useful to investigate the 
pull-out problem conveniently without resorting to more expensive and complicated 
experimental study for the case of perfectly bonded interface. Results obtained from 
the proposed model revealed that the aspect ratio (L/a) of CNT, modulus ratio of CNT 
to matrix (Em/Ef) and volume fraction of CNT in the matrix (b/a) are the key 
controlling parameters in affecting the stress transfer ability of CNT in the polymer 
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matrix. Critical values of embedded length and modulus ratio for a sample case were 
also determined, which are the minimum embedded length and strongest matrix of 
CNT reinforced composite, respectively. For perfectly bonded interface, the values of 
critical embedded length and modulus ratio (Em/Ef) are estimated to be 20nm and 0.1, 
respectively.  
      The pull-out model was further extended to deal with imperfectly bonded 
interface in which a part of the embedded nanotube is non-bonded near the tip and 
remaining portion is perfectly bonded with the matrix. In the non-bonded part of the 
imperfectly bonded interface, the stress transferring ability of nanotube is mainly 
controlled by the Poisson’s contraction, thermal residual stress and van der Waals 
interaction. The latter is accounted for through the use of the Lennard Jones potential 
to obtain the normal cohesive stress acting at the CNT/matrix non-bonded interface. 
The normal cohesive stress caused by the vdW interaction make the modeling of 
interface region more complex and challenging. In order to solve this complexity, this 
study estimates the relative radial displacement between nanotube and matrix in the 
interface zone because the cohesive stress caused by vdW interaction is a function of 
interface displacement which depends on relative radial displacement. Closed-form 
analytical solutions were derived for the axial and interfacial shear stress components 
for any percentage of non-bonded length. In the case of completely non-bonded 
interface (100% debond length), analytical results obtained from the study have been 
compared with results from existing pull-out models in the literature and were found 
to be in good agreement with the model proposed by Toshiaki et al. (2007).  
Before investigating the contribution of vdW interaction in the stress 
transferring in the debonded interface, total cohesive energy caused by vdW 
interaction was verified with that of the existing molecular dynamic (MD) simulation 
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conducted by Liao and Li (2001). They found that 0.24eV adhesive energy was 
produced mainly due to van der Waals force and a small amount from electro static 
force for 2 nm long and 1.334 nm diameter CNT fully surrounded by 80 molecule 
polystyrene polymer. Using the same geometric data, the current study shows the total 
cohesive energy by vdW interaction is 0.25eV, which is very close to the value 
obtained by Liao and Li. The contribution of van der Waals interaction was found to 
be significant throughout the length of the nanotube. The minimum and maximum 
values of normal cohesive stress are found at the embedded end and open end, 
respectively and their corresponding values are achieved to be 140MPa and 175Mpa 
respectively. The result shows that the normal cohesive stress due to vdW interaction 
increases towards the end of the embedded nanotube.  
A parametric study was conducted to investigate the influence of the debond 
length, CNT/matrix Young’s modulus ratio, radius ratio (volume fraction) of CNT 
and embedded length of CNT in the matrix. Parametric study shows that the stress 
transferring potential of nanotube is smaller in the non-bonded than in the perfectly 
bonded part of the interface. From this study, it is also observed that the axial stress 
distribution is nearly linear in the non-bonded region of interface and parameter 
dependency of stress transferring is comparatively high in the perfectly bonded region 
than the debonded interface. In addition, stress transferring of CNT through the non-
bonded interface is almost independent on the value volume fraction of CNT in the 
nanocomposite. The proposed extended pull-out model can be readily used to replace 
experimental investigations for any percentage of debonded length, which are not 
only difficult to conduct, but also expensive. 
      The second scope of this study was to develop a nanoscale shear-lag model for 
assessing the stress transferring mechanism from polymer matrix to carbon nanotube 
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(CNT) reinforced composites. Unlike the earlier pull-out model, which was to 
investigate the ability of CNT in providing reinforcement strength after the initiation 
of cracks in the composite, the shear-lag model aims to investigate the reinforcing 
potential of CNT under applied tensile load in the composite. This part of the study is 
focused on the case of chemically non-bonded CNT/matrix interface. Various 
parameters were considered including the friction at the interface, thermal residual 
stress, Poisson’s contraction and van der Waals interactions at the non-bonded 
CNT/polymer interface. Analytical solutions for both CNT and polymer matrix are 
obtained in closed form in the elastic regime. Using the available experimental data, 
analytical results are obtained which shows that CNTs are very much effective as 
reinforcement even though the interface is chemically non-bonded. Results obtained 
from the proposed model have been compared with those available results in the 
literature which show a good agreement in terms stress distribution trends.  
A parametric study was conducted using the shear-lag model to examine the 
effect of key interface parameters on the axial and interfacial shear stresses of CNT. 
The study revealed when the coefficient of friction is large, the stress distribution 
patterns become similar to those for a perfectly bonded interface. This observation is 
in agreement with the results obtained from the recent model developed by Gao and 
Li (2005). The parametric study also revealed that the stress carrying ability of CNT 
largely depends on the coefficient of friction at the interface, aspect ratio, CNT/ 
matrix Young’s modulus ratio. With the increase of each of those parameters, axial 
stress of CNT also increases significantly which in fact represent the reinforcing 
potential of CNT. The critical values (up to which CNT makes significant 
improvement as reinforcement) of friction coefficient, aspect ratio, CNT/matrix 
Young’s modulus are also recommended which are 0.8, 400 and 50, respectively. 
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From this study, it can be concluded that if there is a poor bonding at the CNT/matrix 
interface (i.e. smaller coefficient of friction), an alternative way to improve the stress 
carrying ability is to increase the AR.  
     The proposed shear-lag model is capable to account for more complicated vdW 
interaction that generally exists at the non-bonded CNT/polymer interface. Parametric 
study was conducted to investigate the influence of this interaction which was found 
to be reasonably significant throughout the reinforced region. The parameter for vdW 
interaction is presented as interface distance beyond equilibrium position     . As the 
value of     is increased, both stresses increase initially and reach peak values at a 
critical value of    of 0.05 nm. Thereafter, both stresses gradually decrease with 
increasing value of    beyond the critical value. This behavior may be explained from 
the fact that the normal cohesive stress due to van der Waals interaction decreases as 
the interface gap increases (higher value of    resulting in a decrease in the 
interfacial shear stress as well as axial stress of CNT. Therefore, it is clear that the 
interface gap between CNT and the polymer matrix is crucial in determining the stress 
carrying potential of CNT. Hence, accurate control of the interface gap is important in 
regulating the strength of the CNT reinforced composite. This finding is important as 
this would mean that any proposed model must necessarily account for the effect of 
vdW interaction in estimating the stress components of CNT reinforced polymer 
composite for non-bonded interface. The analytical formulas presented can be used as 
a viable alternative or as a supplement to other more complicated methods such as 
molecular mechanics and molecular dynamics, which are not only time consuming 
but also prohibitively expensive.  
      A continuum model for investigating the interfacial static crack propagation of 
CNT reinforced composite has also been developed. Using the formula derived from 
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the shear-lag model, analytical results for static crack propagation with respect to the 
application of uniform stress were presented. The proposed solution takes into 
account the influence of vdW interaction that arises immediately after the onset of 
debonding at the CNT/Polymer interface. The stress required in causing interface 
cracking was found to decrease as the debonding length increases. It is interesting to 
note that after complete debonding has occurred, the CNT is found to be capable of 
carrying further stress. This happens due to the fact that after debonding, shear stress 
due to thermal residual stress and van der Waal interaction become active at the non-
bonded interface.   This newly developed model can be readily used to understand the 
actual stress transfer mechanism and to investigate the application of CNT as a 
reinforcement of polymer composite. 
          The final scope of the current research study was to develop a shear lag model 
for nanorope reinforced composite to investigate the interfacial characteristics of rope, 
resin and nanotubes. To account for a more realistic stress transfer mechanism, a 
perfectly bonded interface between rope and resin and a non-bonded interface 
between the inner and outer tubes were modeled. In view of common structural 
configurations of nanorope, 7 equal sized nanotubes are considered in a hexagonal 
array with one tube at the center and the other six positioned along the perimeter. 
Closed form analytical solutions are given for the effective rope, polymer resin and 
nanotubes in the nanorope. Axial and interfacial shear stress distributions of the 
nanorope predicted by the current model in a simplified case were compared and 
found to be in excellent agreement with the model proposed by Gao and Li (2005). 
The proposed closed form analytical formulas revealed that the nano-rope is 
remarkably effective as reinforcement in the composite, resulting in significantly 
reduced axial stress in the polymer resin. The axial stress distribution of polymer resin 
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shows that a reduction of 80% of the applied stress is possible by using nanorope as 
reinforcement. In addition, a notable stress transfer is observed to occur through the 
non-bonded interface between the inner and outer nanotubes. A parametric study has 
also been conducted for both perfectly bonded rope/resin interface and non-bonded 
inner and outer tubes. The study on perfectly bonded rope/resin interface shows that 
the stress distribution is largely dependent on the volume fraction of nanorope and 
Young’s modulus ratio of rope to resin but nearly independent on the aspect ratio 
particularly when AR of nanorope larger than 100. It is also observed that if 8% of 
nanorope by volume fraction is used, axial stress of nanorope is obtained nearly 7.5 
times of the applied stress which illustrates the effectiveness of nanorope as 
reinforcement. From the parametric study, the critical value of rope/resin Young’s 
modulus ratio is recommended to be 60 after which the influence was found to be 
insignificant. For the non-bonded interface between inner and outer tubes, the stress 
components are found to be significantly affected by the coefficient of friction, aspect 
ratio and van der Waals interaction. As the value of coefficient of friction or aspect 
ratio increases, the axial stress of inner nanotube also noted to be increased. 
Practically, the coefficient of friction for CNT/CNT interface is very low and surface 
treatment for increased coefficient of friction is quite expensive. Thus one way to 
improve stress transferring potential of inner nanotube is to increase AR. However, 
nanotube having a higher AR is quite difficult to manufacture and expensive as well. 
Alternative way to make the inner nanotube to be effective is to be located at such 
interface gap so that cohesive stress due vdW interaction can be maximized. It is 
worthwhile to mention that the contribution of van der Waals interaction is quite 
significant and should be taken into account for non-bonded interface. The proposed 
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shear-lag model can be widely used to evaluate the stress carrying ability of nanorope 
in polymer resin as well as CNT in the rope in the linear elastic regime. 
 
 7.2 Recommendations for Future Work 
       This thesis provides necessary understanding on stress transferring 
mechanisms of CNT reinforced composites through different type of interface by 
using classical continuum mechanics approach. The current study has been carried out 
assuming linear elastic behavior of the CNT reinforced composites under static 
loading conditions. Proposed formulas are capable of predicting very good estimates 
of various stress and displacement components of the nanocomposite. It would be 
useful to extend the study to examine the response of CNT reinforced composite 
subjected to vibration or dynamic load. In addition, experimental investigations 
should be conducted to understand the actual interface behavior of CNT reinforced 
composites.  
          In commercial application of CNT, it is quite difficult to manufacture 
completely defect free CNT due to presence of missing atoms, nano-crack or damage 
in CNT. These defects may lead to crack propagation in the CNT and make 
substantial impact to the nanotube reinforced composite. In addition, imperfect 
bonding is a common phenomenon in nanotube that results crack propagation through 
the CNT/matrix interface and poor strength of composite. In the current study, a 
continuum model is proposed to investigate the static crack propagation of nanotube 
along the interface in polymer matrix. Using the same RVE model, the study can be 
extended to investigate crack propagation of defected CNT in polymer composite. 
The extended model aims to figure out the effect of nano crack on the CNT as well as 
crack propagation at the CNT/matrix interface, simultaneously. Due to the crack 
Chapter 7                                                                                                                    Conclusion 
190 
 
propagation on defected CNTs, the neighbor atoms in CNT becomes non-bonded.  As 
the crack width in nanocomposite is very small, there may be significant van der 
Waals interactions between the non-bonded neighbor atoms in the CNT. So, 
analytical model of defected CNT and crack propagation through debonded interface 
and their effect on entire composite would be an important outcome for nanotube 
reinforced composites before their industrial application.  
Current study investigated the stress carrying potential of nanorope reinforced 
composite by using RVE concept in the linear elastic regime. The proposed 
continuum model can be extended for non-linear shear-lag analysis for nanorope 
reinforced composite by which non-linear stress transferring through different types 
interface can be investigated. Since CNTs are weakly bonded to each other in the 
nanorope, there may present frictional stick and slip behavior at the non-bonded 
CNT/CNT interface. Using the proposed model for nanorope reinforced composite, 
investigation on frictional stick and slip behavior of the CNT/CNT interface in the 
rope system is highly recommended. The model will be expected to account the effect 
of vdW interaction due to friction stick slip behavior which allows both radial and 
longitudinal movement of CNT in the rope system. Due to the allowance of frictional 
stick and slip, it is expected the nanorope may enhance the damping properties to the 
polymer matrix. After investigating the frictional stick slip behavior of nanorope 
reinforced composite, the model can be further extended to investigate the damping 
properties of nanorope reinforced polymer composite.  
      While analytical solutions are useful in the investigation of CNT reinforced 
composites, it would be valuable to complement it with experimental results. Very 
few experiments on single wall carbon nanotube have been performed mainly due to 
the challenges involved in manipulation, gripping and force and strain measurements 
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at the nanoscale. Thus, experimental investigations on single nanotubes (pull-out, 
fragmentation and peeling) to understand the mechanics of the interface and nature of 
interaction between polymer and carbon nanotube would be useful contribution to the 
literature. In particular, experimental works that can examine the influence of key 
interface factors would be highly recommended. In addition, it is important to explore 
whether Atomic Force Microscopy (AFM) or Transmission Electron Microscopy 
(TEM) can be employed to capture the interface behavior accurately.  
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